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ABSTRACT. We prove that the Kuznetsov component of a flat family of even-dimensional quadrics of
corank at most 2 is equivalent to the twisted derived category of an algebraic space whenever: (i) the
open subset of the base over which the quadrics has corank at most 1 is scheme-theoretically dense;
and (ii) a certain étale double cover of the closed complement admits a section. This provides the
first general geometricity result for Kuznetsov components of higher dimensional quadrics, thereby
generalizing works of Kapranov, Bondal, Orlov, Kuznetsov, Moschetti, Xie, and others. Our main tool is
the moduli stack of spinor sheaves on a family of quadrics, which we define and study in detail. In
the situation of our main result, we produce an open substack which is a G,,-gerbe, and show that the
associated twisted derived category is equivalent to the Kuznetsov component of the family of quadrics,
thereby providing a geometric interpretation of the Brauer classes appearing in previous works.
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INTRODUCTION

Quadric bundles, being geometrically rich yet tractable, abound in algebraic geometry. Often,
varieties of interest may be fibred in, or else otherwise related to quadrics, at which point invariants
may be determined by studying a family of quadrics. Such a method has been particularly successful
in the study of derived categories of varieties, especially in regards to rationality problems: see,
for example, [Kuz16, AB17] for surveys. Results and techniques for quadric bundles are therefore
foundational for applications. Our aim here is to generalize some of the basic results regarding
derived categories of quadric bundles, making the theory applicable for higher dimensional quadrics
and for more general base schemes; in particular, we make an effort to include points of even
characteristic throughout. Our general treatment furthermore allows us to use moduli-theoretic
techniques in our constructions.

Let p: Q — S be a quadric bundle, by which we mean a flat and proper family of degree 2
hypersurfaces in a P"-bundle ©: P& — S over a base scheme S. Each fibre of p is a Fano variety
of index n — 1, so the derived category of the total space Q admits an S-linear semiorthogonal
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decomposition of the form

Dye(Q) = (Ku(Q), p*Dyc(S) ® G, p*Dye(S) ® G (1), ..., p*De(S) ® G, (n—2)).

The Kuznetsov component Ku(Q) is the “interesting component” of D.(Q) and it is of interest to
identify it more explicitly. In general, Ku(Q) may be described algebraically as the derived category
of the sheaf of even Clifford algebras of p: Q — S, a certain finite locally free non-commutative
Os-algebra, see [Kuz08, Theorem 4.2].

A more geometric description of Ku(Q) is often desirable and potentially more useful. Kapranov’s
decomposition from [Kap88, §4] for a quadric hypersurface Q ¢ P2*! might be considered the first
example: here, S is a point and Ku(Q) is equivalent to two copies of D,.(S). Bondal and Orlov, in their
seminal work [BO95] on semiorthogonal decompositions of algebraic varieties, then give perhaps
the first nontrivial example in the case p: Q — P! is a general pencil of smooth even dimensional
quadrics, wherein they show that Ku(Q) is equivalent to the derived category of the classically
associated hyperelliptic curve. General recent interest around these questions perhaps stems from
Kuznetsov’s work in [Kuz10, Theorem 4.3], where he proves that for the quadric surface fibration
p: Q — P2 associated with a smooth cubic fourfold containing a plane, if all fibres of p have at worst
isolated singularities, then Ku(Q) is equivalent to the derived category of the K3 double cover of P?
branched along the discriminant divisor of p: Q — P2, though perhaps twisted by a Brauer class;
the hypothesis on the fibres were later removed by [Mos18]. His extensive study of this case led
Kuznetsov to propose that a cubic fourfold should be rational if and only if its Kuznetsov component
is equivalent to the untwisted derived category of a K3 surface. Spectacular recent progress was
made on this conjecture by the recent work of Katzarkov, Kontsevich, Pantev, and Yu on Hodge atoms,
see especially [KKPY25, Theorem 6.8 and Examples 6.17-6.21].

Returning to general quadric bundles, Xie shows in [Xie23, Theorem 5.10] that over an algebraically
closed field of characteristic O, for a flat family p : Q — S of quadric surfaces over a smooth projective
surface, Ku(Q) is equivalent to the twisted derived category of a resolution of the discriminant double
cover of S. She further conjectures that whenever a quadric surface bundle Q — S over an integral
Noetherian scheme has simple degeneration generically and each fibre has corank < 2, the Kuznetsov
component of Q is equivalent to the twisted derived category of a scheme. Theorems 4.2 and 4.4 in
loc. cit. show that such schemes, Brauer classes, and equivalences exist étale locally on S, suggesting
an approach via glueing. One view of our work here is that we carry out this program.

Our main result identifies the Kuznetsov component of a quadric bundle with a twisted derived
category of an algebraic space M, generically a double cover over S, whenever the degeneracy loci

S, ={s€S:corankQ, > c} ={s €S :dimSingQ, > c—1}

stratifying S with respect to the singularities in the fibres of p satisfy three conditions. For example,
the hypotheses below are satisfied whenever p: Q — S is a quadric bundle of even relative dimension
over an algebraically closed field with S; = @& and S, a finite set of closed points.

Theorem A. — Let p: Q — S be a quadric bundle of relative dimension 2{. Assume that:
D) S3=2;
(ii) S, contains no weakly associated points of S; and
(iii) the étale double cover S, — S, parameterizing families of (€ + 1)-planes in p: Q — S splits.
Then there exists an algebraic space M, a proper morphism M — S which is finite of degree 2 away from

S,, a Brauer class 3 € Br(M), and an S-linear equivalence

@: Doe(M, B) = Ku(Q).
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A slightly more precise version is given in 7.25. Although this and other results here are phrased
in terms of the full quasi-coherent derived category, statements for, say, the bounded derived category
in suitable situations may be deduced by adapting the arguments from [BS20, Theorem 6.2]. The
hypotheses are discussed in more detail in 7.26, though briefly: When S is integral, (ii) simply means
that S, # S. The covering S, — S, in (iii) is discussed in 4.12. The algebraic space M is canonically
an open subspace—depending on a choice of section of S, — S,—of the coarse moduli space of
spinor sheaves for the quadric bundle p: Q — S, f is the Brauer obstruction for the existence of a
universal sheaf on Q xg M, and the equivalence is induced by the Fourier—Mukai transform with
respect to the universal sheaf on the associated moduli stack. In this way, our result loosely says that
the Kuznetsov component of an even-dimensional quadric bundle is generated by its spinor sheaves,
making it apparent that this is a vast generalization of Kapranov’s semiorthogonal decomposition
from [Kap88, §4] of a smooth quadric Q of dimension 2¢ over an algebraically closed field:

Di(Q) = (F), FY, 0q, Op(1), ..., Op(2( — 1)),

where 5@/ and " are the even and odd spinor bundles on Q. For example, when ¢ = 1 so that
Q = P! x P!, the spinors are &, = g,5(—1,0) and & = 6,(0,—1).

Our approach to Theorem A begins with a careful study of the local situation on S, wherein
p: Q — S admits a regular section; geometrically, this is a section o : S — Q contained in the smooth
locus of p. In this case, the scheme

Q' :={[t]€F(Q/S): 0 €t}

parameterizing lines in the fibres of p: Q — S passing through the section ¢ is another family of
quadrics p’: Q" — S, possibly not flat and of 2 dimensions less, called the hyperbolic reduction of
p:Q — S along o. This construction is well-known, perhaps popularized in the setting of derived
categories by the work [ABB14, §81.3-1.4] of Auel-Bernardara—Bolognesi, and has since featured
in many other works, such as [Xie23, KS18, JS25]; perhaps most notably for us, Kuznetsov shows
in [Kuz24, Proposition 1.1(3)] that, often, the even Clifford algebras associated with Q” and Q are
Morita equivalent. In particular, in view of Kuznetsov’s description of the derived category of quadric
bundles from [Kuz08, Theorem 4.2], this implies that Ku(Q’) and Ku(Q) are equivalent.

The next result provides a generalization of this fact. Our result is applicable for more general
base schemes S—in particular, for S on which 2 may not be invertible—as well as quadric bundles
that may not be generically smooth. Moreover, we can explicitly identify the kernel underlying the
equivalence between Ku(Q’) and Ku(Q).

Theorem B. — Let p: Q — S be a quadric bundle of relative dimension n—1> 2, and let p’: Q' — S
be its hyperbolic reduction along a regular section. Assume that S,_; does not contain any weakly
associated points of S. Then there exists an S-linear equivalence ®: Ku(Q') — Ku(Q).

This is the content of 6.1. As above, when S is integral, the hypothesis regarding weakly associated
points means that S,_; # S; see 4.19 for its import here. The equivalence ® is of Fourier-Mukai type,
and 6.2 identifies its kernel as a twist of the ideal sheaf of the family over Q’ of lines in Q through
the chosen section. An important feature of & is that it preserves dual spinor sheaves: see 6.3.

Iterating this equivalence gives: If p: Q — S is a quadric bundle of relative dimension 2¢ which
carries a complete flag of linear spaces ending in a family of (¢ — 1)-planes P# contained in the
smooth locus of p—so that fibres have corank at most 2!—and S, does not contain any weakly
associated points of S, then there is an S-linear equivalence

@ Dy(M) - Ku(Q)
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where u: M — S is the (maximal) hyperbolic reduction of p: Q — S along P#. The morphism u
is generically finite of degree 2 and has P! as its geometric fibres over points of S,. Crucially, ¥
is identified in 6.6 as the Fourier—-Mukai transform induced by a family of dual spinor sheaves on
Q xg M, essentially verifying the folklore fact that M is a moduli space of spinors for Q.

This suggests a natural approach to Theorem A in general: Consider a moduli stack .# — S of dual
spinor sheaves for p: Q — S and study the Fourier—-Mukai transform associated with the universal
sheaf on Q xg M. In pursuing this idea, however, one is confronted with the conundrum that the
coarse moduli space of ./ is not separated over S because its geometric fibres over S, consist of
two copies of P! and an extra point. This is most readily seen in case of a quadric surface Q: Spinor
sheaves here are essentially ideal sheaves .%, of lines £ C Q, see 5.8. When Q = p? Uy, P? has corank
2 with singular line £, the isomorphism class of .%,, for £ # £, is determined by the irreducible
component it lies on and the intersection point £ N ¢,: see [Har94, Example 5.2]. To proceed, one
must be able to consistently choose a family of spinor sheaves on corank 2 fibres, and this is encoded
by condition (iii) in Theorem A. Fixing a choice of family determines an open substack .# C .#, on
which the strategy may be carried through.

Technical tools. — Implementing this argument required developing several general technical
results which may be of independent interest. First is a result which allows us to verify whether
or not an S-linear Fourier—-Mukai functor is an equivalence fppf locally on S. When analyzing the
functor Dy () — Dyc(S) in the setting of Theorem A, this allows us to replace the base S by a cover
on which p: Q — S admits a regular section, at which point Theorem B applies. Our statement,
set up and stated in 1.23, is a variant of Bergh’s and Schniirer’s conservative descent from [BS20],
but modified to apply in a setting where the source may be a G,,-gerbe over a proper and perfect
algebraic stack and where the Fourier—-Mukai kernel is only relatively perfect over the two factors.
Second is a precise formulation of the general philosophy, originating from ideas of Mukai, Orlov
and Lieblich and Olsson, that Fourier—-Mukai transforms correspond to morphisms of moduli spaces
of complexes. Combined with the descent technique above, this allows us to relate derived category
computations with geometric properties of the stack of spinors. Our statements here are phrased in
terms of Lieblich’s stack of complexes on a flat, proper, and finitely-presented morphism X — S as
introduced in [Lie06]. We formulate a Yoneda-type lemma in 2.4 which canonically relates T-valued
points of the stack of complexes with certain complexes in Dy (X x5 T). We then show that complexes
underlying fully faithful Fourier—-Mukai transforms induce open immersions on stacks of complexes:

Theorem C. — Let X and Y be flat, proper, and finitely-presented schemes over a scheme S, and let
Py : Dge(X) — Dye(Y)
be the Fourier-Mukai transform associated with an object K € Dy.(X Xg Y) which is perfect relative to
both X and Y. If ® is fully faithful, the assignment (T, E) — (T, ®g, (E)) induces a morphism of stacks
FM : 6 omplexesy ;s — 6 omplexesy /s

which is an open immersion immersion.

This is 2.8, and a variant for objects in a semiorthogonal component is formulated in 3.12. Related
results appear in [LO15, Lemma 5.2] and [HLT21, Proposition 3.2.3], for example, but have been
restricted to embedding spaces of skyscraper sheaves of one into the stack of complexes of the other.
We expect that this statement is more generally applicable.

Intersections of two quadrics. — Two applications of Theorem A are sketched in §8. The first
concerns the derived category of an intersection X of m < 4 even-dimensional quadrics. For the
Introduction, we focus on the most classical case, m = 2; results for m = 3 and m = 4 are given in
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8.7(ii) and 8.7(iii) and further discussed in 8.8. In one of the first works regarding semiorthogonal
decompositions in algebraic geometry, Bondal and Orlov show in [BO95, §2] that, over an algebraically
closed field of characteristic different from 2, the bounded derived category Dl’oh(X ) of coherent
sheaves contains that of of the hyperelliptic curve C, as already considered by Weil and Reid in
[Wei54, Rei72], arising from the associated pencil of quadrics. This was interpreted as a “categorical
explanation” of classical results of [DR77] relating rank 2 vector bundles on C to a Fano scheme
of linear spaces in X. Our results imply a generalization of the theorem of Bondal and Orlov to an
arbitrary base field:

Theorem D. — Let X C P**! be a smooth complete intersection of two general quadrics over an
arbitrary field k. There is a semiorthogonal decomposition

Db, (X) = (D2, (C, @), G (1), 6x(2), ..., (2L — 2))
where C is a smooth projective curve and Br(C).

This is 8.7(i). For k # R this appears to be new even in characteristic 0; see, however, [ABB14, §5]
for related results. It would be interesting to relate the Brauer class appearing here to k-rationality
of X as studied in [HT21, BW23]. For chark = 2, this is completely new and may be seen as a
“categorical explanation” of the work [Bho90] of Bhosle.

Cubic fourfolds. — The second application concerns smooth cubic fourfolds. Their derived categories
possess perhaps the most well-known semiorthogonal decomposition in algebraic geometry: see
[Kuz10, Huy17, Huy23] for example. Specifically, since such X C P° is a Fano variety of index 3,
there is a semiorthogonal decomposition

Dl)oh(X) = <"Q7X’ 0X’ 0X(1)’ ﬁX(z»-

The category ./ looks like the derived category of a K3 surface: Its Serre functor is the shift-by-
two functor by [Kuz19, Corollary 4.1] and the dimensions of its Hochschild homology coincide
with the Betti numbers of a K3. This latter statement may be deduced from the weak form of the
Hochschild-Kostant-Rosenberg theorem from [AV20, Example 1.7].

Whether or not ./ is equivalent to the (twisted) derived category of an actual K3 surface depends
on the geometry of X—see [AT14, Theorem 1.1], [Huy17, Theorem 1.4], and [Huy23, Theorem
5.1]—and is conjectured in [Kuz10, Conjecture 1.1] to be related to the rationality of X. The most
well-studied example for when .5 is twisted geometric is the case X contains a plane. Kuznetsov
showed in [Kuz10, §4] that for a general such X over a field of characteristic different from 2,
Sy Dé’oh(S ,a) where S is a double sextic K3 and a € Br(S). This was extended to all smooth cubic
fourfolds containing a plane over an algebraically closed field of characteristic zero by Moschetti
in [Mos18, Theorem 1.2]; Xie later gives in [Xie23, Example 6.2] a much more direct proof in this
setting. Our results apply to prove this in any characteristic: see 8.10.

Rather than quote the general result, we highlight a particularly striking example: Consider the
Fermat cubic fourfold X C P° over an algebraically closed field k. Of course, X is extremely special
for a variety of reasons. For example, when k = C, it has the largest automorphism group by [LZ22,
Corollary 6.14], it contains the most planes by [DIO23], and it is contained in every Hassett divisor by
[YY23, Theorem 1.2]. When chark = 2, the geometry of X becomes in many ways even more special.
Most notably in this context, every fibre of any quadric surface bundle obtained via projection from a
plane in X is singular! Nevertheless, 8.10 associates with X a K3 surface S, and 8.13 furthermore
determines S as the most special K3 over k:



6 RAYMOND CHENG AND NOAH OLANDER

Theorem E. — Let X C Pi’ be the Fermat cubic fourfold over an algebraically closed field k of character-
istic 2. Then there is a semiorthgonal decomposition

DL, (X) = (D2,,(8), Ok, 6x(1), x(2))
where S is the supersingular K3 surface of Artin invariant 1.

In fact, the computations in 8.13 are valid over any field k and relate X to an explicit S given as a
complete intersection in P? x P2, A precise relationship between X and S taken over a number field
k appears to have first appeared in [HK07, §5], where the global Hasse-Weil zeta function of X is
related to that of S. This may be viewed as a motivic shadow of Theorem E, in line with Orlov’s
conjecture from [Orl05] that semiorthogonal summands correspond to direct summands on the level
of rational Chow motives.

Outline. — The first three sections develop the general technical tools used in the proof of the
main results: §1 discusses derived categories of algebraic stacks, the main result being the descent
statement 1.23 for Fourier-Mukai transforms. Moduli stacks of complexes are discussed in §2 with
the open immersion induced by a fully faithful Fourier—-Mukai transform in 2.8. Relative exceptional
collections and their residual categories are then discussed in §3 where, notably, a generalization of
2.8 to the stack of complexes parameterizing objects in a residual category is formulated in 3.12.
Families of quadrics are discussed starting from §4; since our base scheme is rather general, extra
care is required in discussing the corank stratification: see 4.4—4.8. Spinor sheaves for families of
quadrics are introduced in §5, where we give new statements about how spinors are related along
non-generic hyperplane sections and cones: see 5.11 and 5.15. In §6, we study how the Kuznetsov
component of a quadric bundle behaves under hyperbolic reduction, cumulating in the proof of
Theorem B. In §7, we construct the stack of spinor sheaves associated with a quadric bundle as the
image of a smooth morphism from the Fano scheme of ¢-planes: see 7.2. After discussing some
properties of this stack, we prove Theorem A, see 7.25. Finally, we end off with §8 where we sketch
applications of the main results to intersections of quadrics in 8.6 and cubic fourfolds in 8.9.

Conventions. — All stacks are algebraic stacks and we follow the conventions of the Stacks Project:
see [ Stacks, 0260]. We use the standard abbreviations fppf, fpqc, and gcgs for faithfully flat and finitely
presented, faithfully flat and quasi-compact, and quasi-compact and quasi-separated, respectively.
Given an algebraic space X and a finite locally free 0x-module &, we write 7: P& — X for the
projective bundle of lines in &, so that 7,0,(1) = &". Unless otherwise stated, all tensor products
are taken over the structure sheaf of the ambient space.

Acknowledgements. — A portion of this project was carried out during the Junior Trimester Program
in Algebraic Geometry at the Hausdorff Research Institute for Mathematics during the autumn of
2023, funded by the Deutsche Forschungsgemeinschaft under Germany’s Excellence Strategy - EXC-
2047/1 - 390685813. During the completion of this work, RC was partially supported by a Humboldt
Postdoctoral Research Fellowship and NO was partially supported by the National Science Foundation
under grant DMS-2402087.

1. DERIVED CATEGORIES OF ALGEBRAIC STACKS

In this section, we collect and develop some facts regarding the derived categories of stacks. One
of the primary aims is to formulate and prove a descent result regarding Fourier—-Mukai functors
from a single weight component of the derived category of a G,,-gerbe to a scheme: see 1.23.
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1.1. — We follow the conventions of [HR17] regarding derived categories of stacks. Namely, for a
stack &', we write Dy (%) for the full subcategory of D(Zj;s.«, O ) consisting of objects with quasi-
coherent cohomology sheaves. When & = X is a scheme, this coincides with the usual quasi-coherent
derived category of X. In any case, D,.(Z') admit the following operations:

(i) IfE,F € Dy(Z), then E ® F € D (X).

(ii) If E,F € Dy (¥') with E perfect, then R#omg, (E, F) € Dyo(X).

(iii) If f: & — % is a morphism of stacks, there is a pair of adjoint exact functors
LF*: Dye(#) = Dye(%) and Rf,: Dye( %) = Dy(@)

We warn the reader that these are the functors denoted L f, q*c and Rfy. , in [HR17].

Pullback and pushforward behave well when f: & — % is a concentrated morphism of stacks,
meaning that it is qcgs and, for every morphism Y — % from an affine scheme, the stack & x4 Y
has finite quasi-coherent cohomological dimension: see [HR17, Definition 2.4]. The latter condition
is superfluous when & and % are algebraic spaces by [Stacks, 073G]. Assuming that f : & — ¥ isa
concentrated morphism of stacks:

(iv) Lf* and Rf, satisfy the projection formula and tor-independent base change;

(v) Rf, commutes with coproducts; and

(vi) Rf, admits an exact right adjoint f*: Dy(%) — Dyo(Z).
See [HR17, Theorem 2.6, Corollaries 4.12 and 4.13, and Theorem 4.14]. Finally, a stack is concen-
trated if its structure morphism to SpecZ is. With this, [HR17, Lemma 4.4] shows that

(vii) if & is concentrated, perfect objects of D(Zj;s.4(, Oy ) are precisely compact objects of Dy (Z').

1.2. Relative generators. — Recall that an object G of a triangulated category 2 is called a generator
if an object E € 2 is the zero object if and only if Hom,, (G, E[i]) = O for all i € Z: see [Stacks, 09SJ].
A relative version of this for our setting is as follows:

Given a f : & — & concentrated morphism of stacks, a perfect object G € D (%) is said to be an
-linear generator of Dy (%) if for every morphism T — & from an affine scheme, the object Gy is
a compact generator of D, (). Basic properties of relative generators are:

(i) If & is an affine scheme, then G is an &-linear generator if and only if it is a compact generator.
(ii) If G is an &-linear generator of ch(% ) and 7 — & is a morphism of stacks, then G is a
T -linear generator of Dy(Z7).
(i) If {# — &}, is an fpqc covering by stacks and each G, is an #-linear generator of Dy.(Z),
then G is an #-linear generator of Dy .(Z').

Proof. Item (i) follows from the fact that perfect generators are preserved under pullback by affine
morphisms: see [Stacks, OBQT]. Item (ii) follows easily from definitions. For (iii), we may replace
the base ¥ = SpecA by an affine scheme, whereupon to suffices to show that if SpecB — SpecA is a
faithfully flat morphism such that Gy € D (%) is a compact generator, then so is G € Dy (). So
consider an object E € Dy(%') with Ext},.(G, E) = 0 for all i € Z. Flat base change gives

Ext)y. (Gp, Ep) = Ext,(G,E)®4B =0
s0, since Gy is a generator, Ez = 0. Faithful flatness thus implies E = 0, and so G is a generator. W

We may now give a more familiar characterization of relative generators in terms of relative Hom:


https://stacks.math.columbia.edu/tag/073G
https://stacks.math.columbia.edu/tag/09SJ
https://stacks.math.columbia.edu/tag/0BQT

8 RAYMOND CHENG AND NOAH OLANDER

1.3. Lemma. — Let f : & — & be a concentrated morphism of stacks. A perfect object G € Dyo(X') is
an -linear generator if and only if for every 0 # E € Dy (%),

0 #Rf,Rstom, (G, E) € Dye(&).

Proof. Flat base change for Rf,R5omg, (G, E) combined with 1.2(iii) reduces this to the case & is
affine, in which case the result follows from 1.2(i), the definition of a generator, and the fact that the
pushforward may be identified with the object RHom (G, E). ]

1.4. Relative generators of subcategories. — The characterization of 1.3 allows us to generalize
the definition of a relative generator to linear triangulated subcategories. We will only need the
situation when f : & — S is a concentrated morphism from a stack to a qcqgs algebraic space. Let
&/ C Dy(&') be a full triangulated subcategory which is -linear, meaning that for E € .¢/ and
F €D (), E ®L Lf*F € .of. A perfect object G € ./ is called an &-linear generator of .o/ if
E#0€ .9 < Rf.R#omg,, (G,E)#0€EDy(F).

Note that a generator G of ./ is also an &-linear generator. More interestingly, given a perfect object
G € . which is an S-linear generator, we have the following two statements:

() If F € D(S) is a perfect generator, then G ®L Lf*F is a compact generator of .</.

(ii) The smallest strictly full triangulated S-linear subcategory of Dy (%) containing G is .«/.

Proof. For (i), the stack & is concentrated, so G is compact in D,.(Z) and hence also in ./—this
makes sense as .« is closed under direct sums by virtue of being S-linear. Now, for any E € ./,

RHom, (G ®" Lf*F,E) = RHomy (Lf*F, R#omg, (G, E)) = RHomg(F,Rf,R5¢0om, (G, E)).

The object of Dy.(S) on the right is nonzero whenever E is nonzero since G is an &-linear perfect
generator of ./ and F is a perfect generator of Dy(S). Looking at the object on the left then shows
that G®' Lf*F is a compact generator of .¢/. This implies that the category in (ii) contains a compact
generator. Since it is also strictly full, triangulated, and closed under direct sums, it follows from
[Stacks, 09SN] that it must be equal to .« [ |

1.5. Fourier-Mukai transforms. — Given morphisms f : & — & and g: % — & of stacks, and an
object K € Dy(Z x & %), there is an associated Fourier-Mukai transform with kernel K:

®p: Dy(%) > De(#)  E— Rpry, (LpriE ®" K).

When f and g are concentrated morphisms of stacks, the functor ® satisfies many familiar properties:

(i) @ is &-linear: For E € Dy (%) and F € D .(#), there is a natural isomorphism
L ~ L
by (E 8}, Lf*F)=dy(E)®} Lg'F €Dy(%).

(ii) @ is an enriched functor: For E, P € Dy (%), if P and ®x(P) are perfect, then there is a natural
morphism in Dy.()

Rf,R7tomg, (BE)— Rg.RFomg,, (@ (P), 2k (E))
which, after applying the functor H°(%,—), becomes the homomorphism
@ : Homy (P, E) — Homg, (24 (P), @k (E)).

(iii) ®x is compatible with flat base change: For a morphism h: & — & of stacks, if either h is flat
or both f and g are flat, then for any E € Dy (%), there is a canonical isomorphism

(I)K(E)? = (I)Ky(Eg) € ch(@ X 9)


https://stacks.math.columbia.edu/tag/09SN
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Proof. Part (i) is a calculation using the projection formula. Construct the morphism in (ii) via the
Yoneda lemma: for every F € D,(), there is a map

Hom, (F,Rf,R#om, (P,E)) = Homy (P ®g,% Lf*F,E)

L)
— Homy (& (P ®};, Lf*F),dx(E)) = Hom, (F,Rg,RH#om,, (¥ (P), & (E)))

where the two identifications use perfectness of P and ®x(P), and the bottom identification addition-
ally uses (i). Finally, (iii) follows from tor-independent base change applied to the square

Xg Xg ¥y — Yy

| l

XXy —— W, [ |
The Fourier-Mukai transform often has a right adjoint:

1.6. Lemma. — Let f: & — & and g: % — & be morphisms of stacks and K € Dyo(X x o ¥). If f
is concentrated, then the functor ®y : Dy(Z') — Dy(#%) has an exact right adjoint.

Proof. ®; commutes with coproducts since it is a composition of three functors which do, with
Rpr, , doing so by the assumption that f is concentrated and 1.1(vi). Since the category Dy(%') is
well-generated by [HNR19, Theorem B.1], the result therefore follows from Neeman’s version of
Brown Representability Theorem for well-generated categories: see [NeeOl, Theorem 8.4.4]. W

We now give a criterion for when &y is fully faithful in terms of a perfect generator. First, the
following is a well-known criterion for when an exact functor preserves compact objects.

1.7. Lemma. — Let ¥: 2 — 9’ be an exact functor between triangulated categories with arbitrary
direct sums. Assume that ¥ has a right adjoint R and that 9 is compactly generated. Then ¥ takes
compact objects to compact objects if and only if R commutes with direct sums. [ |

Next, the following is a general criterion for fully faithfulness in terms of a compact generator:

1.8. Lemma. — Let ¥: 9 — 9’ be an exact functor between triangulated categories with arbitrary
direct sums. Assume that

— 9 has a compact generator G;
— W has a right adjoint R; and
— W takes compact objects to compact objects.

Then VW is fully faithful if and only if the following map is an isomorphism for all i € Z:

¥: Ext, (G, G) — Ext,, (¥(G), ¥(G)).

Proof. The “if” direction is clear. Conversely, suppose that the map between self extensions of G and
W(G) are all isomorphisms. Consider the set of objects M € 2 such that the unit 1;,: M — R¥(M)
of adjunction is an isomorphism. This set is closed under cones since R and ¥ are exact. It is closed
under direct sums since both R and W preserves direct sums by 1.7 and left adjointness, respectively.
Finally, this set contains the generator G since, for every i € Z,

Extl (G, G) 2 Ext),(¥(G), ¥(G)) = Ext. (G,R¥(G))

and G is a generator. Since the generator G is compact, it now follows from [Stacks, 09SR] that the
set in question contains every object of 9. Therefore W is fully faithful. [ ]


https://stacks.math.columbia.edu/tag/09SR
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In our setting of Fourier—-Mukai transforms, the condition on self extensions of a generator may be
verified on the level of enriched Homs, leading to the following full faithfulness criterion:

1.9. Lemma. — Let f: & — & and g: % — & be morphisms of concentrated stacks, and K €
Dyo(& x5 %). Assume that

— Dy(#) has a perfect generator F;
— Dy(&) has an &-linear perfect generator G; and
— &y Dy (X') = Dy (%) takes perfect complexes to perfect complexes.
Then ® is fully faithful if and only if the morphism in Dy (%)
¢: Rf*ij’omﬁ%(G, G)— Rg.R7tomg, (®x(G), 2x(G))

of 1.5(ii) is an isomorphism.

Proof. Since F € Dy (&) is a perfect generator, ¢ is an isomorphism if and only if it becomes an
isomorphism after applying the functor Extfy,(F, —) for every i € Z. By its construction in 1.5(ii), this
gives the map
@y Ext, (Lf*F ®" G,G) - Ext,, (4 (Lg*F ®" G), &¢(G)).
If & is fully faithful, then this is, of course, an isomorphism for all i € Z, whence ¢ is an isomorphism.
Conversely, if ¢ is an isomorphism, then so is the map
¢': Rf,R#om,, (G,G ®" Lf*F) — Rg,R#om, (B (G), 2x(G ®" Lf*F))
obtained from ¢ ® F via the projection formula and #-linearity from 1.5(i). Applying Extiy (F,—)
to ¢’ then shows that the map
®y: Ext, (G®" Lf*F,G®" Lf*F) — Ext,, (#x(G ®" Lf*F), &, (G ®" Lf*F))
is an isomorphism for every i € Z. Since ®; has a right adjoint by 1.6 and G ®" Lf*F is a compact

generator of Dy (') by 1.4(i), full faithfulness of & now follows from the criterion 1.8. ]

Combined with tor-independent base change and 1.5(iii), the criterion 1.9 implies that full
faithfulness of ® is often preserved under base change, and also that it may be checked fpqc locally:

1.10. Lemma. — In the setting of 1.9, furthermore suppose given a morphism h: & — & of concen-
trated stacks. If either h is flat or both f and g are flat, then:

(D) If g : Dge(X) = Dye(#) is fully faithful, then so is @k, : Dgc(Xy) — Doe(¥7).
(i) Ifh: T — & is faithfully flat and quasi-compact, then the converse of (i) also holds. [ ]

1.11. Gerbes. — In this work, a G,,-gerbe refers to a gerbe banded by G,,; that is, the data of
— a morphism 7: & — X from a stack to an algebraic space; and
— an isomorphism &: Gy, o» — Fy- of sheaves on X, from Gy, to the inertia stack of Z'.
The identification & provides each quasi-coherent &,--module & with a right action by G,,, whence
a weight decomposition & = P,z Z; where the weight i component is characterized by
Fi(x)={seF(x):s-y=y'sforally € duty(x) =G, (T)}

for each morphism T — X and x € r. If # = %;, then the sheaf Z is said to have weight i.
Sheaves of different weights do not map to one another, so we have a product decomposition
QCoh(Z) = [ [;cz QCoh;(2) where QCoh;(Z) € QCoh(%) denotes the full subcategory of quasi-
coherent sheaves of weight i. Pullback along 7 induces an equivalence

T QCOh(@’X) i QCOhO(ﬁ%)
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between the categories of quasi-coherent 0x-modules and quasi-coherent &,--modules of weight 0.
If m: & — X admits a section 0: X — &, then the restriction of pullback along o induces, for any
i € Z, an equivalence

o*: QCoh;(0, ) — QCoh(0x)

between the categories of quasi-coherent 0, -modules of weight i and quasi-coherent 0x-modules.

1.12. — For each i € Z, let D ;(Z) C Dy (X') be the full subcategory consisting of objects whose
cohomology sheaves all have weight i. Furthermore, [BS21, Theorem 5.4] shows that there is an
orthogonal decomposition

ch(%) = l_[ieZ ch,i(%)-
Namely, the Dy ;(Z’) are completely orthogonal to one another for different i € Z, and every object

E € D (%) may be uniquely expressed as a direct sum E = P,z E; with E; € Dy ;(Z). It is shown
in [BS21, §5] that these decompositions enjoy the following compatibilities:

@) If f: & — ¥ is a morphism of G,,-gerbes, then Lf* and Rf, preserve the decomposition.
(ii) If E € Dy (%) and F € Dy ;(%), then E ®" F € Dy 14;(X).
(iii) Pullback along 7 induces an equivalence L7t*: Dy (X) — Dy o(Z).
(iv) The functor R, : Dyo(Z') — Dy(X) may be identified as E — Ej,.
(v) If o: X > & is a section, then Lo™: Dy ;(X) = Dy(X) is an equivalence for any i € Z.

Note that m: & — X is a concentrated morphism of stacks: this is because, in addition to 7 being
qcgs, the functor 7, : QCoh(0, ) — QCoh(0y) is exact. When the algebraic space X is qcgs, each of
the categories D, ;(2") admits a perfect generator by [HR17, Example 9.3].

1.13. Trivial gerbes. — The trivial G,,-gerbe over X is the relative classifying stack BG,, x — X.
The tautological line bundle on BG,, x is of weight 1 and provides a section X — BGy, x. Conversely,
suppose : X — X is a G,,-gerbe and that & carries a line bundle ¢ of weight 1. Then

(i) m: X — X is isomorphic to the trivial G,,-gerbe; and

(ii) there is a canonical isomorphism X = A(%) \ {0} between X and the complement of the zero
section in the affine bundle A(%) := SpecSym(£") on % over % .

Item (i) is because % is classified by a morphism of G,,-gerbes Z — BG,, x over X, and this map is
necessarily an isomorphism. As for (ii), this comes from identifying the universal G,,-torsor over
BG,, x as, on the one hand, the canonical morphism X — BG,, x and, on the other hand, as the affine
bundle Bﬂ(ﬁBGmX, %) of local trivializations for the universal line bundle £. Finally, the latter is
easily seen to be isomorphic to A(%) \ {0}.

More generally, if Z carries a rank r vector bundle of weight 1, then its associated cohomology
class[Z] € H?t(X ,G,) is r-torsion. This is because the determinant line bundle has weight r, and
this gives a line bundle of weight 1 on the G,,-gerbe on X with class r[Z].

1.14. Relatively perfect objects. — Given a morphism f : X — S of schemes which is locally of
finite type an object E € Dy.(X) is said to be perfect relative to S or, briefly, S-perfect if it is

— pseudo-coherent relative to S, in the sense of [Stacks, 09UI], and

— locally has finite tor-dimension as an object of D(f ~1 &), see [Stacks, 08CG].
We adopt here the generalized definition suggested in [Stacks, ODI9]. In contrast, the Stacks Project
defines relatively perfect objects only for morphisms which are flat and locally of finite presentation,

in which case an S-perfect object in Dy.(X) is the same as one that can be represented, locally on X,
by a bounded complex of S-flat finitely presented quasi-coherent sheaves on X: see [Stacks, 0DIO and


https://stacks.math.columbia.edu/tag/09UI
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/0DI9
https://stacks.math.columbia.edu/tag/0DI0
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0DI2]. An analogous characterization of relatively perfect objects in this setting can be obtained by
combining 1.16 and 1.17 below. When f : X — S is smooth, relatively perfect is the same as perfect:

1.15. Lemma. — If f : X — S is a smooth morphism of schemes, then an object E € Dy.(X) is perfect
relative to S if and only if it is perfect.

Proof. That an S-perfect object is perfect follows from [Stacks, 068X]. Conversely, if E is perfect, then
locally on X, it can be represented by a bounded complex of vector bundles. Since vector bundles
are S-flat and finitely presented quasi-coherent sheaves, it follows that E is S-perfect. ]

When X and S are both affine, relatively perfect may be reduced to perfect in an affine space:

1.16. Lemma. — Let f : X — S be a finite type morphism of affine schemes. If f =proi: X — Ag — S
is any factorization through a closed immersion i: X — Ag, then an object E € Dy.(X) is perfect relative
to S if and only if Ri,E is a perfect object of Dy.(Ag).

Proof. First, essentially by definition, E is pseudo-coherent relative to S if and only if Ri, E is: compare
[Stacks, 09UT and 09VC]. Next, writing S = SpecR, E has finite tor-dimension as an object of D(f "1 &)
if and only if RT'(X, E) = RI'(A?, Ri E) has finite tor-dimension as an object of D(R), and so these
conditions are equivalent to Ri,E having finite tor-dimension as an object of D(pr—' ). Put together,
this means that E € Dy.(X) is S-perfect if and only if Ri, E € Dy (Ag) is S-perfect, and now the result
follows from applying 1.15 to pr: Ag — S. ]

In general, being relatively perfect is fppf local on both the source and target:

1.17. Lemma. — Let f : X — S be a morphism of schemes which is locally of finite type and E € Dy (X).
() If{g;: U; = X}, is an fppf covering, then E is perfect relative to S if and only if each Lg}E € Dyc(U;)
is perfect relative to S.
(i) Given a factorization f : X — V — S with V — S flat and finitely presented, E is perfect relative
to S if and only if it is perfect relative to V.

Proof. The analogues of the statements (i) and (ii) for relative pseudo-coherence hold by [Stacks,
OCSN and 0CSP]. Similarly, for the statements about tor-dimension, note that E has tor-amplitude in
[a, b] as an object of D(f ~' &) if and only if E, has tor-amplitude in [a, b] as an object of D( 05 f(x))
for every x € X by [Stacks, 09U9]. With this, the analogue of (i) follows from [Stacks, ODJF] whereas
(ii) is [Stacks, 066L and 068S]. Together, this gives the result. ]

1.18. — This allows us to extend the definition of relative perfectness to stacks: Let f : & — & be
a morphism of stacks which is locally finite type, and choose a commutative square

U——V

o]

X —

where U and V are schemes, V — & and U —» & x V are smooth surjections, and U — V is
locally of finite type. An object E € D (&) is then said to be perfect relative to # or #-perfect if
¢*E € Dy(U) is perfect relative to V in the sense of 1.14. By 1.17 and a standard argument, the
definition is independent of the choice of the square.

When f: & — & is flat and locally of finite presentation, relative perfectness is preserved under
arbitrary base change: see [Stacks, ODI5]. In our generality, however, that is not necessarily the case.
Nonetheless, relative perfectness is preserved under flat base change:


https://stacks.math.columbia.edu/tag/0DI2
https://stacks.math.columbia.edu/tag/068X
https://stacks.math.columbia.edu/tag/09UI
https://stacks.math.columbia.edu/tag/09VC
https://stacks.math.columbia.edu/tag/0CSN
https://stacks.math.columbia.edu/tag/0CSP
https://stacks.math.columbia.edu/tag/09U9
https://stacks.math.columbia.edu/tag/0DJF
https://stacks.math.columbia.edu/tag/066L
https://stacks.math.columbia.edu/tag/068S
https://stacks.math.columbia.edu/tag/0DI5
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1.19. Lemma. — Let f : & — & and g: F — & be morphisms of stacks, with f locally of finite type.
Assume either g is flat or f is flat and locally of finite presentation. If E € Dy () is perfect relative to
S, then E5 € Dy (X7) is perfect relative to T.

Proof. Since relative perfectness is fppf local on both the source and target by 1.17, we may reduce
to the case that f: X — S and g: T — S are morphisms of affine schemes. It remains to consider the
case g is flat. Choose a factorization f =proi: X — A7 — S where i is a closed immersion. Since
E € Dy (X) is S-perfect, Ri,.E € Dy(Ag) by 1.16. Flat base change applied to the square

X; — Al
lr

|

X —— Al

implies that Rir Er € D (A7) is perfect: see [Stacks, 08IB and 066X]. Applying 1.16 once again
then shows that E; is T-perfect. ]

A key feature of relatively perfect objects is that they push forward to perfect objects under
reasonable proper morphisms. When f : X — S is flat and locally of finite presentation, a general
version is given in [Stacks, ODJT]. In our more general setting, we prove a weaker version that
suffices for our purposes. By way of terminology, call a morphism f : X — S of algebraic spaces fpqc
locally H-projective if there exists a faithfully flat and quasi-compact cover T — S such that the base
change fr: X — T is H-projective, in the sense that it factors as fr =proi: X; — P} — T where i
is a closed immersion. In this setting, Rf, takes relatively perfect complexes to perfect ones:

1.20. Lemma. — Let f : X — S be a morphism of algebraic spaces that is fpqc locally H-projective. If
E € Dy(X) is perfect relative to S, then Rf,E € Dy (S) is perfect.

Proof. Since relative perfectness is preserved under flat base change by 1.19 and perfectness may
be checked fpqc locally by [Stacks, 09UG], we may reduce to the case f: X — S itself admits a
factorization f = proi: X — Pg — S withi: X — Pg a closed immersion. Since relative perfectness is
Zariski local on the source, the argument of 1.16 may be used to show that Ri, E € Dy(Pg) is perfect.
Since the projection pr: Pg — S is smooth and proper, Rpr, preserves perfect complexes, yielding the
result. ]

A final useful fact is that, at least for a morphism f: & — & of stacks which is flat and locally of
finite presentation, formation of internal Hom with relatively perfect objects often preserves Dy.(Z')
and commutes with arbitrary base change:

1.21. Lemma. — Let f : & — & be a morphism of stacks which is flat and locally of finite presentation.
IfE,F € Dy (%) are such that E is pseudo-coherent and F is perfect relative to #, then

Rtomg, (E,F) € Dye(X)
and its formation commutes with arbitrary base change in that, for & — & a morphism of stacks,

R%”omﬁ%(E,F)g gRﬂomﬁ%y (Eg,Fg) S ch(%g-).

Proof. The first statement holds more generally for E pseudo-coherent and F locally in D;rc(% ): this
may be checked smooth locally on & and so it reduces to the affine case, where [Stacks, 0A6H]
applies. The second statement may now be reduced to the case where f : X — SpecA is a morphism
of affine schemes, and the base change is of the form SpecB — SpecA. In this setting, E may be
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represented by a bounded above complex &° of finite free 0x-modules, and F by a bounded complex
Z° of A-flat finitely presented &x-modules.
On the one hand, as in the proof of ibid., the internal Hom in question may be represented as

R#omg (E,F) =~ %’om'ﬁx (&°,7°).
The boundedness properties of &° and Z° imply that every term of this complex is a finite direct

sum of Oy-modules of the form =%omgx(é’i, Z7). On the other hand, since the terms of &° are free,
and Z* are A-flat, the internal Hom on the base change may be represented as

Ritomg, (Eg,Fg)~ stomy, (6°®4B,7°®,B)
B Xp
and the complex satisfies the same finiteness condition. This implies the result since
Homg, (6',F7) ®,B = Homg, (6'®4B,F' ®,B). n

1.22. Relative orthogonal categories. — Let S be a qcgs scheme and g: Y — S a morphism of
schemes which is flat, proper, and of finite presentation. Given a perfect object P € Dy (Y), its S-linear
right orthogonal category is the full subcategory (P)* c Dy(Y) with objects

(P)* :={E € D,(Y) : Rg,R#om,, (P.E) = 0}.

Two basic properties of this construction are that:
() (P)* is triangulated and S-linear, and so by our convenctions closed under direct sums; and

(ii) membership in (P)* is flat local: for a faithfully flat morphism U — S from a qcqs scheme, if
E € Dy(Y) is such that Ej; € (Py)*, then E € (P)L.

Proof For (i), that the subcategory (P)* is triangulated follows from the fact that the functor
Rg,R#omg, (P,—) is exact. For S-linearity, let E € (P)t and F e Dyc(S), then

Rg.R#om, (PE®" Lg*F) = Rg,R#om, (PE)®"F =0

using the projection formula, so E ®" Lg*F € (P)*. Item (ii) follows directly from flat base change
and faithfully flat descent. [ ]

We now arrive at the main result of this section, which essentially says that we may check whether
or not a Fourier-Mukai transform from a single homogeneous component of the derived category
of a G,,-gerbe to the derived category of a scheme is an equivalence after passing to an fppf cover.
This may be seen as a variant of the descent result [BS20, Theorem B] of Bergh and Schniirer;
unfortunately, our statement does not directly follow from theirs because our kernel is not perfect,
only relatively so, and the source of our functor is not the derived category of a proper algebraic
stack. Note also that this result, although phrased in terms of a G,,-gerbe, also applies to schemes by
taking a weight 0 kernel on any gerbe and using 1.12(iii). The result is:

1.23. Theorem. — Let g: Y — S be a flat, proper, and finitely presented morphism of qcgs schemes,
f: X — S afpqc locally H-projective morphism from an algebraic space, and w: & — X a G,-gerbe. Let

$: D,
be the functor induced by the Fourier-Mukai transform with a Y -perfect kernel K € Dy ;(Z X3 Y), and
let U — S be a faithfully flat morphism from a qcqs scheme.
(i) If the functor &y : Dy _i(Zy) — Dyc(Yy) induced by the Fourier-Mukai transform with the
Yy-perfect kernel Ky € Dy i(Zy %y Yy) is fully faithful, then & is fully faithful.

Let P € Dy(Y) be a perfect complex and let ./ := (P)t c Dyc(Y) be its S-linear right orthogonal.

ei(2) € D(Z) =5 Dye(Y)

(ii) If the essential image of ®y; lies in .oy, then the essential image of ® is lies in .o .
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(i) If @' is fully faithful with essential image .y, then ® induces an equivalence Dy, (%) = ..

Toward the proof, observe that & is a composition of an inclusion of the weight —i component of
the derived category of & and the Fourier-Mukai transform ®;. The hypotheses on the situation
guarantee that & has some good properties:

1.24. Lemma. — The functor ®: Dy, _;(Z') = Dy(Y)
(i) has an exact right adjoint; and

(ii) takes perfect complexes to perfect complexes.

Proof. For (i), observe that ® has an exact right adjoint since it is a composition of two functors
which do: the Fourier-Mukai transform ®; does by 1.6, and the right adjoint to the inclusion
Dy —i (&) € D (%) is the projection onto the weight i component, see 1.12.

For (ii), let P € D, _;(%') be a perfect complex. Then LpriP € Dy, (X xgY) is perfect, so that

Lpr;P ®" K € Dy o(Z x5 Y) = DX x5Y)

is Y-perfect, where the equivalence is induced by the surjective and smooth structure map 7 x
id:  xgY = X x4V asin 1.12(iii). Under this identification, ®(P) is now obtained via pushforward
along fy: X xgY — Y. The hypotheses on g: Y — S ensure that fy is also fpqc locally H-projective,
and so 1.20 implies that Rfy , takes Y -perfect complexes to perfect complexes, yielding the result. =

We now phrase full faithfulness and essential surjectivity of the functor ® in terms of a compact
generator of Dy, _;(Z )—note that such an object exists, as discussed in 1.12.

1.25. Lemma. — Let G € Dy (&) be a perfect S-linear generator.
() @ is fully faithful if and only if the morphism in Dy(S)
Rf,RH0om,, (G, G) — Rg,R#om, (8(G), 8(G))
from 1.5(ii) is an isomorphism.
(i) If ® is fully faithful, then the essential image of ® is ./ := (P if and only if the essential image
of ® is contained in .o/ and ®(G) ® P is an S-linear perfect generator of Dy (Y).

Proof. Item (i) may be proven in the same way as 1.9 since Dy(S) has a perfect generator, Dy, ()
a perfect S-linear generator, and ® an exact right adjoint by 1.24(i), and & takes perfect complexes
to perfect complexes by 1.24(ii).

For (ii), suppose that the essential image of ® is .«/. Since ®(G) is perfect by 1.24(ii), it remains to
see that ®(G) ® P is an S-linear generator of D .(Y). Let E € Dy (V') be a nonzero object. If E ¢ .o/,
then by definition of the orthogonal category,

Rg.Rstomg (P E) # 0.

If E € .9/, choose E' € Dy —i(ZX) with ®(E’) 2 E. Then, using (i) and the hypothesis that G is an
S-linear generator of Dy _;(Z),

Rg.Riomg (9(G), E) = Rf,Riom,, (G,E") # 0.
Namely, the collection of F for which
Rf,R#om g, (G, F) = Rg,R#om 4, (3(G), &(F))

is an isomorphism is an S-linear full triangulated subcategory of D, _;(Z’) by the projection formula.
Put together, this implies that ®(G) @ P is an S-linear generator of Dy (V).
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Conversely, assume that the essential image of ® is contained in .¢/ and ®(G) @ P is an S-linear
generator of Dy.(Y). Given a nonzero object E € .o/, this gives

Rg,R#omg (®(G),E) = Rg,Ritom,, ($(G) ® BE) #0.

This means that (G) is an S-linear generator of .¢/. Since .« is triangulated by 1.22(i) and & is
S-linear by 1.5(i) and fully faithful, hence the essential image of ¢ is triangulated and S-linear, 1.4(ii)
now implies that ® is essentially surjective onto .. ]

Proof of 1.23. Let G € Dy _;(%') be a perfect S-linear generator. Descent implies that Gy € Dy _i(Zy)
is a perfect U-linear generator. Statement (i) now follows from the full faithfulness criterion of
1.25(i) since the condition there is compatible with fppf base change. Part (ii) follows from 1.22(ii)
since, for any flat qcgs S-scheme T,

®(Dye,—i(X7)) € Ay < ®(G)r =¢(Gr) € Iy — Rg,R#omg, (Pr,Gr)=0

since Gy € Dy _;(Zr) is a T-linear generator and the image of ® is a T-linear triangulated category.
Finally, (iii) follows from the essential surjectivity criterion 1.25(ii) since the condition there, once
again, is compatible with flat base change. [ ]

2. MODULI OF COMPLEXES

In this section, we discuss Lieblich’s stack of complexes on a flat, proper, and finitely presented
morphism f: X — S. The main result of this section is 2.8, which says that fully faithful Fourier—
Mukai transforms whose kernels are perfect relative to both source and target induce open immersions
between stacks of complexes.

2.1. Glueability and simplicity. — Let f: & — & be a flat, proper, finitely presented, and
concentrated morphism of stacks. An & -perfect object E € D,(Z') is said to be

glueable if R fR#omg, (E,E) =0 for all integers i < 0;

simplistic if 0, — Rf,R#omg, (E, E) is an isomorphism on 0-th cohomology sheaves;

universally glueable if for every morphism 7 — & of stacks, E5 € Dy (%) is glueable; and

simple if for every morphism & — & of stacks, E5 € Dy (Z7) is simplistic.
These notions depend on the morphism f, so we may sometimes emphasize that the properties are
relative to & . In particular, the condition on the base changed object E in universal glueability and
simplicity are relative to .

Being glueable or simplistic behave well under base change. Namely, given a flat and quasi-compact
morphism J — & of stacks, flat base change together with 1.21 imply that:

(i) If E € D, (&) is either glueable or simplistic, the same is true for E5 € Dy(Z7).
(ii) If 7 — & is surjective and E is glueable or simplistic, the same is true for E.

In other words, the properties of being glueable or simplistic satisfy fppf descent. Since stacks have
fppf coverings by a disjoint union of affine schemes, being universally glueable or simple may be
characterized more concretely as follows:
(iii) E is universally glueable if and only if for every morphism T — & from an affine scheme,
Er € Dy(Zr) satisfies Extf%T (E¢,Er) =0 for all integers i < 0.
(iv) E is simple if and only if for every morphism T — & from an affine scheme, the canonical map
Oy (T) — Homy, (Er, E7) is an isomorphism.

In the case that the morphism f is between locally Noetherian algebraic spaces, [Lie06, Proposition
2.1.9] gives a fibrewise criterion for universal glueability:
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(v) Let f: X — S be a flat, proper, and finitely presented morphism between locally Noetherian
algebraic spaces. An S-perfect object E € Dy (X) is universally glueable if and only if E; € D.(X;)
is glueable for each geometric point§ — S.
Universally glueable complexes have the pleasant property that their presheaves of endomorphisms
are actually sheaves. More generally:

2.2. Lemma. — Let f: & — & be a flat, proper, finitely presented, and concentrated morphism of
stacks. Let E,F € Dy (%) be & -perfect objects that satisfy, for every object T — &, the vanishing

RifT,*R%”omd%T (E7,Fr) =0 for all integers i <O0.

Then the assignment (T — &) — Homy, (Er, Fr) defines an fpqc sheaf on .

Proof. This follows from flat base change together with 1.21, which implies that the assignment
(T - #) = I(T,R*fr,RHomg, (Er,Fr))

defines an fpqc sheaf on &, and the fact that the vanishing of negative pushforwards implies that
the group on the right is Homy, (Er, Fr). [ |

2.3. Stack of complexes. — Lieblich constructs in [Lie06]—though see also [Stacks, ODLB]—a
stack of complexes on a flat, proper, finitely presented morphism f : X — S of schemes of the form

6omplexesy /s := {(T,E) : T € Schg and E € Dy (X ) is T-perfect and universally glueable}.

This is algebraic and locally of finite presentation over S. Its objects are pairs (T, E) consist of an
S-scheme T and an object E € Dy.(X1) which is universally glueable and perfect relative to T, and a
morphism (T, E) — (T’, E") between objects in consist of a morphism h: T — T’ of schemes over S,
and an isomorphism Lh*E’ — E. It is shown in [Lie06, Lemma 4.3.2 and Corollary 4.3.3] that there
is an open substack
s omplexesy ;s C € omplexesy g

consisting of those objects (T, E) where E is simple relative to T, and that it naturally has the structure
of a G,-gerbe over an algebraic space sComplexesy /s.

Universal objects on these stacks may be constructed, as usual, with a suitable version of the
Yoneda lemma. We have been unable to locate a reference, so we give a proof of the version we need
below in 2.4. Applying the result to the identity morphisms thus provides objects

Eyniv € Dge(X x5 Gomplexesy /s) and SEy;, € Dgc1(X X g s6omplexesy /s)

which is perfect and universally glueable relative to ¢ omplexesy ;s and s6omplexesy /s, respectively.
Moreover, sE,;, is also simple and may be identified as a weight 1 object with respect to the G,,-gerbe
structure, see 1.12.

In the following, the objects on the right are the groupoids with the displayed set of objects:

2.4. Lemma. — Let f: X — S be a flat, proper; and finitely presented morphism of schemes, and let T
be a stack over S. There are canonical equivalences of groupoids between

Morg (7, € omplexesy ;s) =~ {E € Dy(X Xg T) : E is T -perfect and universally glueable}, and
Morg(7,s6omplexesy js) ~ {E € Dyo(X X3 T) : E is T -perfect, universally glueable, and simple}.
Proof. We explain the first equivalence, the second being analogous. Given E € Dy (X xg ) which is

T -perfect and universally glueable, define a morphism ¢g: 7 — G omplexesy ;s by

¢p(T — T) := Er € Gomplexes ;5(T).


https://stacks.math.columbia.edu/tag/0DLB
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To see that the functor E — oy is fully faithful, let E, F € D,.(X xg ) be 7 -perfect and universally
glueable objects. Then a 2-morphism ¢y — ¢y is the data of, for every object T — &, an isomorphism
Er — Fr in Dy(X7) such that, for every morphism in 7, the obvious square commutes. This amounts
to a section of the sheaf of isomorphisms

(T - F)— Isomy (Er, Fr).

Note that this is a sheaf because it is a subsheaf of Homy (Er,Fr) from 2.2, and the vanishing
hypothesis there holds beacuse the isomorphisms E; — F; provides an isomorphism

RifT’*ijomﬁxT (Er,Fp) = RifT’*R%"omﬁXT (Er,Er)

and the latter vanishes for all i < 0 since Ey is universally glueable. This, in turn, is equivalent to an
isomorphism E — F in D(X xg 7).

Essential surjectivity of E — ¢} is a consequence of the Beilinson-Bernstein—Deligne glueing
lemma [BBD82, Theorem 3.2.4] in the form stated in [Stacks, 0DCB]. Namely, consider the functor

U: 2= Figer = € = (X X5 T iis.én T—Xr.

A morphism ¢ : J — €omplexesy s of stacks gives, for each T € 9 an object E; € Dy(X). For T
in the full subcategory 9 C 2 consisting of affine schemes, the objects E; are universally bounded
and have vanishing negative self-Exts, and so ibid. applies to give a unique object E € Dy (X x5 )
whose restriction to Dy (Xr) is Ey for each T € 7. In other words, ¢g =~ . ]

2.5. Autoequivalences. — The stack of complexes on a flat, proper, and finitely presented morphism
f:X — S of schemes carries several natural autoequivalences. Let £ be an invertible 0x-module
and let w} /s
0E2X]. Then the functors — ®é,x % and R#omg (—, w} /s) induce equivalences of stacks

be a relative dualizing complex for f : X — S; this exists in this generality by [Stacks,

T Gomplexesy ;s — €omplexesy ;s and D: €omplexesy ;s — €omplexesy g

satisfying 7 v 0 T4 ~id ~ D o D, and which preserve the substack of simple complexes.

That 7, exists and has quasi-inverse 7 v is straightforward. That D makes sense and is an
equivalence on the stack of complexes, however, does not appear to be well-documented, so we
include a proof here. The main task is to verify that R>#om, (—
universal glueability, and simplicity:

, W5 /s) preserves relative perfectness,

2.6. Lemma. — Let f: X — S be a flat, proper, and finitely presented morphism of schemes. Let

E € Dy(X) and D(E) := R#om, (E, w;(/s).

(i) If E is S-perfect, then so is D(E).
(ii) The canonical morphism E — D(D(E)) is an isomorphism.

(iii) Assuming E is S-perfect, if E is universally glueable or simple, then the same is true for D(E).

Proof. The dualizing complex w$, /s is S-perfect by its definition in [Stacks, OE2T], so 1.21 applies to
show that D(E) = Rtomg, (E, w5 /s) lies in Dy (X) and that its formation commutes with arbitrary
base change. Since each of the statements are local on the base by 1.17 and 2.1(iii)—(iv), we may
assume for the remainder that S is affine.

To see (i), reduce to the case S is affine and use the criterion [ Stacks, 0GET], wherein we must
show that Rf,(D(E)®* F) € Dy.(S) is perfect for every perfect object F € Dy (X ). But now properties

of w;(/s, as in [Stacks, 0A9Q], give

Rf.(D(E) ®" F) = Rf,R#0om, (E ®"F, W 5) = RAom g (RS, (E e F), 0s)


https://stacks.math.columbia.edu/tag/0DCB
https://stacks.math.columbia.edu/tag/0E2X
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and this is perfect since Rf,(E ®" F). Item (ii) now follows from [Stacks, 0A89]. So far, this means
that D defines an anti-equivalence of categories on Dy.(X), and this implies (iii) since the criteria
from 2.1(iii)—(iv), are therefore preserved by D. ]

2.7. Fourier-Mukai open immersion. — Let f: X — S and g: Y — S be flat, proper, and finitely
presented morphisms of schemes and let ® : Dy.(X) — Dy (Y) be the Fourier-Mukai transform
associated with an object K € Dy (X xg Y) that is perfect relative to both X and Y. Compatibility of
&, with base change, as in 1.5(iii), allows one to define a functor FMy from the stack of complexes
on f : X — S to certain complexes on g: Y — S as follows:

On objects, set FMg(T, E) := (T, ®x,(Er)), and on a morphism (h, a): (T,E) — (T’, E’), meaning
as in 2.3 a S-morphism h: T — T’ and an isomorphism a: E7. — E in Dy (X7), set

FM (h, @) := (h, EMg(a)): (T, k. (E)) — (T, &, (E))

where FM(a) is the isomorphism obtained by composing the compatibility of the Fourier—-Mukai
transforms with base change together with &y _(a). Lemmas 2.9 and 2.10 below imply that when
@y is fully faithful, FMy takes values in the stack of complexes on g: Y — S and that it preserves
simple complexes. More notably, the functor is even an open immersion of stacks:

2.8. Theorem. — In the setting of 2.7, if @ : Dy(X) — Dy (Y) is fully faithful, then the assignment
(T, E) = (T, ®g,(Er)) induces an open immersion of S-stacks

FMg : € omplexesy ;s — € omplexesy g
which preserves the open substack of simple complexes.

We first verify that the Fourier—-Mukai transform preserves S-perfectness:

2.9. Lemma. — In the setting of 2.7, ® : Dy(X) — Dy (Y) takes
(i) perfect complexes to perfect complexes;
(ii) pseudo-coherent complexes to pseudo-coherent complexes; and

(iii) S-perfect complexes to S-perfect complexes.

Proof. For (i), if E € Dyc(X) perfect, then Lpr{E ®L K is Y-perfect and so its direct image along Rpr, ,,
which is ®x(E), is perfect: see [Stacks, 0DI4 and ODJT]. Item (ii) follows upon observing that &
is the composition of three functors which individually preserve pseudo-coherence, the main point
being that Rpr, , does by Kiehl’s theorem [Kie72, Theorem 2.9]; see also [Stacks, 0CSD]. For (iii),
let E € Dy(X) be S-perfect. By (ii), ®x(E) € Dy (Y) is pseudo-coherent, so since g: Y — S is flat
and finitely presented, [Stacks, OGEH] shows that ®x(E) is S-perfect if and only if its fibre over
every s € S is bounded below. Since ®x (E); = &, (E;) by 1.5(iii), we may reduce to the case where
S = Speck is the spectrum of a field, in which case the result follows from [Stacks, OFYU]. ]

We now observe that when the Fourier—-Mukai transform is fully faithful, &, also preserves universal
glueability and simplicity, proving that FMy takes values in the stack of complexes of g: Y — S:

2.10. Lemma. — In the setting of 2.7, assume ®y : Dy(X) — Do (Y) is fully faithful. If an S-perfect
object E € Dy(X) is universally glueable or simple, then the same is true for ®x(E) € Dy (Y).

Proof. Let E € Dy (X) be an S-perfect object which is universally glueable. By 2.1(iii), this means
that for any affine S-scheme T, we have Ext;'(T (Er,Er)=0forall i <0. Since ®x(E); = &g, (Er) by
1.5(iii), and the base changed Fourier-Mukai functor ®x. : Dy(X1) — Dyc(Y7) is also fully faithful by


https://stacks.math.columbia.edu/tag/0A89
https://stacks.math.columbia.edu/tag/0DI4
https://stacks.math.columbia.edu/tag/0DJT
https://stacks.math.columbia.edu/tag/0CSD
https://stacks.math.columbia.edu/tag/0GEH
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1.10, this implies
Ext;T(ch(E)T, d(E)p) = Ext;r(chT(ET),chT(ET)) =0foralli<O.

Applying 2.1(iii) once again shows that ®x(E) is universally glueable. The same argument works for
E simple, upon using the criterion from 2.1(iv). ]

The next statement shows that the right adjoint to the Fourier-Mukai transform, which exists in
this setting by 1.6, is compatible with base change and preserves relative perfectness:

2.11. Lemma. — In the setting of 2.7, let R: Dy.(Y) — Dy(X) be the right adjoint of ®x.
() R is compatible with base change in that if T — S is a morphism of schemes and Ry : Dyc(Yr) —
Dy(X 1) is the right adjoint to ®., then there are canonical isomorphisms
R(E); =Ry (Er) for all E € Dy (Y).

(ii) R takes relatively perfect objects to relatively perfect objects.

Proof. For (i), since ®x = Rpr, , o (K ®r—)o Lpry: Dge(X) — Dyc(Y), its right adjoint R may be written
as the composition of three functors

R=Rpry, OR%omﬁXxSy(K, —)oa

where a is the right adjoint to Rpr, ,: Dyc(X XgY) — Dy (Y). Since each of a, R%omﬁXxSy(K, =),
and Rpr, , commute with base change by [Stacks, 0AA8], 1.21, and tor-independent base change,
respectively, R also commutes with base change.

For (ii), compatibility with base change in (i) together the local nature of relative perfectness from
1.17 reduces the statement to the case S is affine, wherein it suffices to verify the criterion [Stacks,
OGET]: Given E € Dy (X) perfect and F € D,.(Y') S-perfect, we must show that

RT(X,E ® R(F)) = RHomy(E",R(F)) = RHomy (¥4 (EY), F) 2 RI(Y,®x(E)V &L F)

is perfect; note that the second identification uses the fact that & is an enriched functor, as in 1.5(ii).
Since ®y preserves perfect objects by 2.9(i) and F itself is S-perfect, so is the displayed complex. B

Proof of 2.8. It remains to show that FMy is an open immersion. Full faithfulness of & implies that
it is a monomorphism of stacks: indeed, given E, E; € € omplexesy ;5(T), 1.10 implies that the base
changed Fourier-Mukai functor &, still provides an isomorphism

&y, : Homy (E;, Ey) = Homy, (@, (E1), Pk, (E2)).

We may therefore conclude by showing that FMy is a smooth morphism of stacks. Since the stacks of
complexes are locally of finite presentation over S, we may do so via the infinitesimal criterion for
smoothness: Given a square zero thickening T’ — T and a solid commutative square

T' —— Gomplexesy s

//7
e lFMK
//

T —s 6 omplexesy /g

construct a dashed arrow making the diagram commute. In other words, given
— objects (T, E’) € Gomplexesy ;s and (T, F) € €omplexesy /5, and

— an isomorphism a: Fr, = &g (E'),


https://stacks.math.columbia.edu/tag/0AA8
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the task is to construct an object (T, E) € 6 omplexesy /s and isomorphisms E, = E’ and @, (E)=F.

Let R: Dy (Y) — Dy(X) be the right adjoint to &g : Dy(X) — Dy(Y). Then 2.11 shows that R is
compatible with base change and preserves S-perfectness. Writing R for its base change to T, the
object E := Ry (F) € Dy(X) is thus S-perfect. Base change, a, and full faithfulness of &x_,, now give
an isomorphism

Ers =Ry(F)r: = Ry/(Fp) Ry (P, (E)) 2 E.
Similarly, the counit : &k _(R(F)) — F becomes an isomorphism after restriction over T
(®k,, ©Rr/)(Fr) = (®k,, Ry 0 Bk, J(E) = & (E') = Fp.

Since the inclusion X — X is a homeomorphism, applying 2.12 then implies that the cone of ¢
vanishes, and so ¢ itself is an isomorphism; in other words, ¢ (E) = F. Universal glueability of
F together with full faithfulness of & now implies that E is also universally glueable. It is now
straightforward to see that (T, E) provides the sought-after dashed arrow. [ ]

2.12. Lemma. — Let (R,m) be a local ring and E € D(R) pseudo-coherent. Then
E®LR/m=0 <> E=0.

Proof Suppose that E # 0 and let i € Z be maximal such that H(E) # 0. Then H!(E) is a finite
R-module by [Stacks, 0645], so H(E ®IL2 R/m) = H!(E) ®; R/m # 0 by Nakayama’s lemma. [ |

3. RESIDUAL CATEGORY TO AN EXCEPTIONAL COLLECTION

The main object of concern in this paper is the Kuznetsov component of a flat family p: Q — S of
quadric hypersurfaces in a P"-bundle: this is the full subcategory of Dy.(Q) with objects

Ku(Q) := {F € D,(Q) : Rp,(F ®" 0,(—i)) =0fori =0,...,n—2}

that are S-linearly right orthogonal to the S-exceptional collection @, 0,(1),..., 0,(n—2): see 3.1
and 3.3. Thus there is a semiorthogonal decomposition

D,(Q) = (Ku(Q), Lp*Dye(S), Lp*Dye(S) ®" 0,(1),..., Lp*Dy(S) ®" 6,(n—2)).

In this section, we generalize 2.8 to allow the source category to be an admissible subcategory
of the quasi-coherent derived category of a scheme: see 3.12; here, admissible is always taken to
mean two-sided admissible. Since we work with the entire quasi-coherent derived category of a
scheme—rather than the bounded derived category of coherent sheaves—we also use this section to
document some facts regarding mutations and semiorthogonal decompositions in this generality.

3.1. Relatively exceptional objects. — Let f: X — S be a flat, proper, and finitely presented
morphism of schemes. Assume that f has Gorenstein fibres, so that its relative dualizing complex
Wy /s = Wy /5> Moreover, is a line bundle. A perfect complex E € D, (X) is called exceptional relative
to S or, briefly, S-exceptional if the natural morphism

05 — Rf,R#omg, (E,E) € Dy(X)

is an isomorphism. Basic properties are that relative exceptionality is preserved under arbitrary base
change and that such objects provide admissible subcategories of D,.(X). Precisely:

() If T — S is any morphism of schemes, then E; € Dy (Xr) is T-exceptional.
(i) The functor Lf*(—) ®' E: Dye(S) = Dye(X) is fully faithful and has both adjoints.
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Proof. Ttem (i) follows from 1.21 together with tor-independent base change. For (ii), given F,G €
D,.(S), the projection formula and exceptionality of E shows

Homy (Lf*F ®" E,Lf*G ®" E) = Homy (Lf*F,Lf*G ®" Rs#om, (E,E))
= Homyg (F, G ®" Rf,Ri#om, (E, E)) = Homg(F, G)

implying full faithfulness. The right adjoint is given by Rf,R5#0om, (E,—): Dgc(X) — Dyc(S). For the
left adjoint, compute:

Homy (F, Lf*G ®" E) = Homy (R#0om, (E,F),Lf*G)
= Homy (Rs¢om, (E, F) oL wx/s, Lf*G oL wx/s)
= Homy (Rf,R#om (E,F ®" wy/s), G)

where the second isomorphism is because wy /s is a line bundle, and the third is because Rf, is left
adjoint to Lf*(—) ®* wy/s- Thus Rf . Rstom, (E,— er wy/s) is the left adjoint. ]

Let ./ := Lf*Dy(S) ®LE c Dy(X) be the essential image of the functor in 3.1(ii). This is an
admissible subcategory, so it induces two semiorthogonal decompositions

D (X) = (o, o) = (Ft, ).

By definition, the left orthogonal *.o# and right orthogonal .o/ categories to .o/ are the full subcate-
gories of Dy.(X) whose objects have no global maps to and from objects in .¢/, respectively. Since E
is exceptional relative to S, these categories also admit a relative description, as follows:

3.2. Lemma. — In the setting of 3.1, the orthogonals to .«/ := Lf*Dy(S) ®L E are given by
o+ = {F €D, (X) : Rf ,R#om,, (E,F) =0}, and
o = {F € D (X) : Rf ,R#om,, (E,F ®" wy/s) = 0}.

In particular, *.«f and .+ are S-linear subcategories of Dyc(X) and are equivalent via — o wy /S

Proof By definition, F € ./ if and only if for every G € Dyc(S),
0 = Homy(Lf*G ® E, F) = Homg(G, Rf ,R#omy (E, F)),
and this is equivalent to Rf,Rs¢om (E,F) = 0 by Yoneda. Similarly, F € 1o if and only if
0 = Homy (F, Lf*G ®" E) = Homg(Rf,R#om,, (E,F ®" wy/s),G),

and the conclusion follows again by the Yoneda lemma. These descriptions now imply S-linearity, as
was explained in 1.22(i), and the equivalence via tensor by wy /s. [ |

3.3. Relatively exceptional collections. — Continuing with the setting of 3.1, a sequence of
perfect complexes Ej, ..., E, € Dy(X) is called an exceptional collection relative to S, or briefly, an
S-exceptional collection if each E; is S-exceptional and Rf,R5¢om, (E;, E;) = 0 for i > j. By 3.1(ii),
each .¢f; := Lf*Dy(S) ®! E; is an admissible subcategory of Dy(X), and repeatedly applying 3.2 and
argueing as [Xie23, Lemma 4.1(2)] produces a semiorthogonal decomposition

DqC(X) = (-/Q{(), "Qfla .. ':"Q{n>
where each .« is S-linear and admissible, and the objects of .«f;, may be described as
y = {F € Dy(X) : Rf ,RHomg (E;,F)=0fori=1,...,n}.

We refer to .« as the residual component to the S-exceptional collection Ej,...,E,.



DERIVED CATEGORIES OF QUADRIC BUNDLES AND MODULI STACKS OF SPINOR SHEAVES 23

Since relative exceptionality is compatible with arbitrary base change as in 3.1(i), such a semiorthog-
onal decomposition is also compatible with arbitrary base change. Namely, if T — S be any morphism
of schemes, then there is a semiorthogonal decomposition

Dye(X1) = (o1, Sr 7)., pr) With of; 7 := LEfD(T)®" E;  fori=1,...,n

and the T-exceptional collection E; r,...,E, r, and .&, r is their T-linear right orthgonal.

3.4. Cyclic shifts and mutations. — Starting from any semiorthogonal decomposition
DqC(X) = (B> B1s--->» Bn),

induced from an S-exceptional collection—meaning that all but possibly one component is equivalent
to a subcategory of the form Lf*Dy.(S) ®LE ; for a perfect S-exceptional E; € Dy (X )—there are two
standard ways to construct a new one:

First, the descriptions of the two orthogonals of a subcategory generated by a relatively exceptional
object in 3.2 shows that it is possible to cyclically shift the semiorthogonal decomposition, at least
after twisting the shifted component by the relative dualizing line bundle:

DqC(X) = <‘%n ®L Wx/s, '%07 cees ‘%n—l> = ('%15* ce %nn '%O ®L w;g/s)

Second, is left or right mutation across a semiorthogonal component 93;. When 43, is equivalent
to a subcategory of the form Lf*Dy(S) ®! E for an S-exceptional object E € Dyc(X), the mutation
functors Lg, Rg: Dyo(X) — Dyc(X) were already introduced in [Bon89] and are characterized as
follows: They vanish on %;, induce equivalences Lg: +%; — %ll and Rg: %ll — 1+ %,, and are
described explicitly on F € Dy.(X) by

Lg(F) := cone(tR(F) — F) = cone(Lf *Rf,R#omg, (E, F) ®'E - F), and
R;(F) := cone(F — (L(F))[—1] = cone(F — Lf*Rf Ri#om, (E,F ®" wy s) ®" E)[—1]
where ¢: 8; — Dy(X) is the inclusion, and L,R: Dy(X) — 43; are its left and right adjoints; note

that the cones are functorial by semiorthogonality, and the second isomorphism comes from the
identification of the adjoints from the proof of 3.1(ii).

3.5. Lemma. — In the setting of 3.3, let L: Dy.(X) — .o/ and R: Dy (X) — ., be the left and right
adjoints to the inclusion .o/ C Dy.(X) of the residual component.

() If T is an S-scheme and Ly and Ry are the adjoints to the inclusion </ 1 C Dyo(X7), then
Ly(Fr) = L(F)r and Ry(Fr) = R(F)r for any F € Dy (X).
(ii) The right adjoint R sends S-perfect objects to S-perfect objects.

Proof. For (i), note that the left and right adjoints to the inclusion .¢f, C D.(X) may be described as
a composition of the mutation functors:

L:LElo"'OLEn and R:((—)®L wX/S)OREno'”OREl‘

Combining the description of the mutation functors from 3.4 together with flat base change and 1.21
shows that each of the mutation functors commute with base change, in that

LEi(F)T = Lg,, (Fr) and REi(F)T = REl-’T (Fr).

Since formation of the relative dualizing bundle wy 5 also commutes with base change, this implies
that L and R commute with base change.
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For (ii), it suffices to show that the right mutation functors Ry, preserve S-perfect objects. Given
an S-perfect object F € Dy (X), consider the distinguished triangle

1
Rg (F) — F — Lf*(Rf,R#om g, (E;, F) ®" wy/s) ®" E; o

from the definition of Ry . Since f:X — S is proper, Rf, takes S-perfect complexes to perfect
complexes, so the term on the right is perfect. Since perfect complexes on X are also X-perfect, and
since the category of S-perfect complexes is triangulated, this shows that Rg (F) is S-perfect. ]

3.6. Generator for residual component. — In order to adapt the proofs of §§1-2 to prove analogous
results for the residual category in 3.3, we prove that, at least when the base scheme S is additionally
qegs, <, also has a compact generator that is a perfect complex on X: see 3.10.

Given a triangulated category 2 and two full triangulated subcategories ./, 8 C 92, we write
(.o, B) C 9 for the smallest strictly full triangulated subcategory containing both ./ and 8. When
o/ and A satisfy semiorthogonality conditions, objects of this category can be explicitly described:

3.7. Lemma. — Let 9 be a triangulated category and .«f , B C 9 full triangulated subcategories. If
o C B*, then an object C € 9 lies in (.o, B) if and only if there is a distinguished triangle

B—C— A~ withAc .of and B € B.

In particular, if 9 has arbitrary direct sums and .o/ and 3 are closed under them, then so is (.«/, 3B).

Proof. Every such C must lie in (.o/, 88) because it is strictly full and triangulated. Conversely, it
suffices to show that the full subcategory ¢ C 2 consisting of such C is itself triangulated. It is clear
that ¢ closed under taking shifts, so it remains to show it is closed under cones: Given a morphism
C; — C, between objects fitting in distinguished triangles B; — C; — A; — B;[1] with A; € ./ and
B; € 3B fori =1, 2, semiorthogonality of ./ and 98 implies that there is a unique morphism B; — B,
making the diagram

By — ¢

o

B, — G,

commute. By [BBD82, Proposition 1.1.11], this square can be completed to a 4 x 4 commutative-up-
to-sign diagram whose rows and columns are distinguished triangles. This provides a distinguished
triangle B; — C3 — A3 — B3[1] where Bs is a cone of B; — B,, C5 is a cone of C; — C,, and there is
a morphism A; — A, whose cone is A;. But then A; € . and B; € 43, so the cone C3 of C; — C, is
itself an extension of an object of ./ by an object of 9, showing that % is triangulated.

Regarding direct sums, let {C;};c; C (., B) be a set of objects where, for each i € I, there is a
distinguished triangle B; — C; = A; — B;[1]. Then there is a distinguished triangle

+1
i€l Bi— i€l Ci - ieIAi -

see [Stacks, OCRG]. Since .« and 2 are closed under sums, this implies that P;; C; € (., %B). R
3.8. Lemma. — Let 2 be a triangulated category with arbitrary direct sums and v: .o/ — 9 an

admissible subcategory. If .of is closed under sums and 2 has a compact generator G, then the left
adjoint L: 9 — .o to \ preserves compact objects and L(G) € ./ is a compact generator.

Proof. Since ¢ also has a right adjoint, it commutes with arbitrary direct sums. Thus L has a right
adjoint that commutes with arbitrary direct sums, so L preserves compact objects by 1.7. To see that
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L(G) € . is a generator, let A € .o be nonzero and choose a nonzero morphism G — ((A)[i] € 2 for
some i € Z. Adjunction then provides a nonzero morphism L(G) — Ali] € .« [ ]

3.9. Lemma. — Let 9 be a triangulated category with arbitrary direct sums and let 9 = (.o/, 9B) be a
semiorthogonal decomposition into components which are full triangulated subcategories closed under
direct sums. Then the right adjoint R: 9 — 9B to the inclusion j: B — 9 commutes with direct sums.

Proof. Write v: .o/ — 9 be the other inclusion and L: 2 — .« for its left adjoint. It is standard R and
L exist, and that every object D € 9 fits into a functorial distinguished triangle

JRD — D — (LD =5

Since .« and % are closed under direct sums, the inclusion functors ¢ and j commute with direct
sums, and L commutes with direct sums being a left adjoint. Thus, for any set of objects {D;};c; C 2,
there is a morphism of distinguished triangles

: +1
Dier JRD; —— Dier Di —— DiertLD; ——

l l l

. 1
JR(@ic; D)) — @ier Di —— L@ D) —

The middle two vertical arrows are isomorphisms by the discussion above, hence so is the first vertical
arrow. Therefore j(@D;c; RD;) = jR(D;¢; D;) so, since j is fully faithful, @;c; RD; = R(P;e; D;). M

3.10. Proposition. — In the setting of 3.1, the residual category ./, satisfies:

() writing L: Dy(X) — ./, for the left adjoint to inclusion, if G is a compact generator of Dy (X)),
then L(G) is a compact generator of .<fy; and
(i) E € . is compact as an object of .o, if and only if E is compact as an object of Dy (X).

Proof. Ttem (i) follows direct from 3.8. For (ii), let E € .o, be compact when viewed as an object in
Dy.(X). Since E = L(E) and L preserves compact objects by 3.8, E is also compact as an object in
. Conversely, we must show that the inclusion .¢f, — D,.(X) preserves compact objects. Since .¢,
is compactly generated by (i), it suffices by 1.7 to show that the right adjoint to inclusion commutes
with direct sums. So consider the semiorthogonal decomposition

DqC(X) = (vqfoj_: ﬂfo)

Since .« is an S-linear triangulated subcategory as explained in 3.3, it is closed under direct sums
by our conventions and so by 3.9, it suffices to see that &fol is also closed under sums. Applying
cyclic shifts as in 3.4 to the given semiorthogonal decomposition shows that

Ay = (o ®F wys, ...,y O wys)

is the smallest strictly full triangulated subcategory of Dy (X) containing each of the .7; o wy Js for
i=1,...,n. Since each of these subcategories are also S-linear, whence closed under direct sums, it
follows from 3.7 that edol is also closed under sums, as required. [ |

3.11. Fourier-Mukai on residual component. — Let f: X — S and g: X — S be flat, proper, and
finitely presented morphisms of qcgs schemes. Assume additionally that the fibres of f are Gorenstein
and that there is a semiorthogonal decomposition

Dyo(X) = (., A, ..., ,) with .of; ;== Lf*D(S)®" E; fori=1,...,n
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and an S-exceptional collection Eq, ..., E,. Let K € Di.(X x5 Y) be a object that is perfect relative to
both X and Y, @ : Dy(X) — Dy (Y) the associated Fourier-Mukai transform, and

(I)K,O = q’K otL: "270 C Dq(:(X) - ch(Y)

its restriction to the residual category. Generalizing 2.9, 1.10, and 2.10, this satisfies:

(i) the functor & o: .oy — Dy(Y) takes perfect complexes to perfect complexes;
(i) if @ o: .oy — Dy (Y) is fully faithful, then for any morphism T — S from a qcgs scheme, the
base changed functor & o: .o+ — Dyc(Y7) is also fully faithful;
(iii) if the morphism T — S in (ii) is moreover faithfully flat, then the converse holds; and

(iv) if ®g o: oy — Dy(Y) is fully faithful, then it preserves universal glueability and simplicity.

Proof. For (i), write & ; = & ot and note that both &, and the inclusion ¢ preserve compact objects
by 2.9 and the proof of 3.10(ii), respectively. For (ii) and (iii), let G € .o, be a compact generator
obtained by applying the left adjoint of inclusion to a compact generator of Dy .(X) as in 3.10(i), and
argue as in 1.9 to show that &y q is fully faithful if and only if the morphism

¢ : Rf,Rstom, (G,G) — Rg Rtomg (®x(G), 2k(G))

from 1.5(ii) is an isomorphism; here, the third hypothesis of the criterion 1.8 is satisfied by (i). Since
the base change of G to an S-scheme T remains a compact generator of ./, by 3.5(i) and 3.8, flat
base change together with 1.5(iii) shows that this full faithfulness criterion is invariant under base
change, implying the first two items. This also gives (iv) upon argueing exactly as in 2.10 using this
base change property in place of 1.10. ]

Consider the full subcategory in the stack of complexes for the morphism f: X — S from 2.3
parameterizing objects in the residual component .«/;:

€ omplexes o /g = {(T,F ): T € Schg and F € .« 1 is T-perfect and universally glueable}.
This is an open substack since membership in this subcategory is defined by
RfT’*R%OTnﬁXT (Ei,T’ F) =0 fori= 1, .o, n,

and this condition is closed under pullbacks by 1.21 and flat base change, and is an open condition
on T by 2.12. Further write

sGomplexes y ;s C €omplexes /s

for the open substack parameterizing simple objects F € ./, r. The analogue of 2.8 in this setting is:

3.12. Theorem. — In the setting of 3.11, if ®x o: .oy — Dyc(Y) is fully faithful, then the assignment
(T,F) — (T, @, (Fr)) induces an open immersion of S-stacks

FMg o: €omplexes ;s — 6€omplexesy g
which preserves the open substack of simple complexes.

Proof. The argument is the same as that for 2.8, except that one uses 3.11(ii) to see that FMy o is a
monomorphism; and for the smoothness argument, additionally use 3.5(i) to see that the right adjoint
R of @y ( is compatible with base change; and 3.5(ii) to see that R preserves S-perfect complexes. M
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4. GEOMETRY OF QUADRIC BUNDLES

In this section, we set our notation and conventions regarding families of quadrics p: Q — S over
an arbitrary base scheme S. Much of the material is well-known, but perhaps not well-documented in
this generality. In particular, since 2 is not necessarily invertible on S nor is S assumed to be reduced,
some care needs to be taken when discussing matters like the corank stratification. Throughout, S is
a scheme, & is a locally free 0g-module of rank n+ 1, and £ is an invertible ds-module.

4.1. Quadric bundles. — A quadratic form on & with values in ¢ is a morphism of sheaves of
sets q: & — £ such that q(fv) = f2q(v) for local sections f of & and v of &, and such that the
associated polar form by: & x & — £, defined on local sections v and w of & by

by(v,w):=q(v +w) —q(v) —q(w),

is a symmetric bilinear form. Let 1: P& — S be the projective bundle of lines associated with &, so
that a nonzero quadratic form q: & — £ corresponds to a nonzero section

sq €T (P&, 0,(2) ® " L) =T(S, Sym*(6¥) ® £).

Its vanishing locus t: Q < P& is a family of quadrics over S. The morphism p :=mot: Q — S is
flat of relative dimension n — 1 if and only if the form q is primitive in that it is nonzero over every
residue field of S. In this case, we refer to the family p: Q — S as the quadric (n — 1)-fold bundle
associated with q.

4.2, Orthogonals. — Given a submodule & C &, its orthogonal is
Ft.= ker(bq(—, Ng: 6> 0L >FV oY)

where the first map is the adjoint b;: & — &Y ® £ to the polar form, and the second map is the
restriction. A special case is when & = &, wherein the orthogonal

rad b, := &t = ker(b,: & = ' ® &)
is referred to as the bilinear radical of q.

4.3. Singular locus. — The singular locus Sing p of a family of quadrics p: Q — S refers to the
locus in Q where the morphism p is not smooth of relative dimension n— 1. This carries a scheme
structure given by the (n — 1)-st Fitting ideal of the sheaf Qé /s of relative differentials: see [Stacks,
0C3K]. By the conormal sequence

1

Ca/s = S

1
g/le — Q5,5 0,

this is simply the zero scheme of the map of finite locally free g,-modules 6,5 — Qll, g/s O Q. The

vector bundle QIl, /s | is a subbundle of p*&(—1) via the relative Euler sequence for 7: P& — S, and
we have6y/s = 0,(—2) ® p* £ via the section s;. Thus twisting up by 0,,(1) identifies Sing p with
the zero scheme in Q of a map of finite locally free 0,-modules

Singp =V(0,(-1)® p*£" — p*&").

In local coordinates, this section gives the vector of partial derivatives of the quadratic polynomial s,.
A straightforward computation therefore shows that this is the composition

p*byleugle, ): 0,(-1)®@p*LY - p“ (0L )»p (oL eL)=pre’
where eu, : 0,(—1) — 7*& is the tautological section, and b,: & — &Y ® % is adjoint to the polar

form of q. The formation of the closed subscheme Sing p C Q clearly commutes with base change,
and in particular for s € S we have

(Singp)s = Sil’lg Qs = Qs n P(rad bq,s)
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where by ;: 8 — (Y ® &), is the restriction of the polar form to the residue field at s, and where
the bilinear radical is the kernel of b, ; as defined in 4.2.

4.4. Coranks. — Over a field k, the corank of a quadric Q € P" is one more than the dimension of
the locus Sing Q of points not smooth of dimension n — 1; for example, a smooth quadric is of corank
0, and that defined by the zero quadratic form is of corank n + 1. Since the singular locus is the
intersection Q N P(rad b,) by 4.3, setting corank b, := dimy rad b, gives inequalities

corank by — 1 < corankQ < corank b,.

When corankQ = corank bq, then the singular locus of Q is, scheme-theoretically, the linear space
on rad b,. This is essentially because P(rad b,) is reduced. We shall see, however, that when
corankQ < corank by, the singular locus of Q is never geometrically reduced over k.

When char(k) # 2, the equation q(x) = %bq (x, x) means that P(rad b;) C Q, and so the corank of
Q coincides with the corank of b,. When char(k) = 2, a choice of basis for rad b, gives an expression

corankbq 9
qlrad by = Zi:l a;x;

for some a; € k. If this vanishes, then Q contains all of P(rad b,;) and so corankQ = corank b;
otherwise, the singular locus of Q is geometrically a double plane—which may be defined only over
an inseparable extension of k!—inside P(rad b, ). This gives the first statement of:

4.5. Lemma. — Let Q be a quadric hypersurface in P" over a field k. Then

corank by —1  if char(k) = 2 and ql,,qp # 0 and
corankQ = !

corank bq otherwise.

If n+1—corankQ is even, then corank Q = corank bq.

Proof. The second part concerns only char(k) = 2, in which case the polar form b, is alternating, so
its rank is even. Since corankQ is either corank b, or corank b, — 1, the former must hold. [ |

4.6. Corank stratification. — A family of quadrics p: Q — S defines a decreasing filtration of S by
closed subsets

S.:={seS:corankQ;>c}={se€S:dimSingQ,>c—1}.

When 2 is invertible on S, the corank of a quadric is equal to that of its polar form, so the sets S,
coincide set-theoretically with the sets

Sbilin,c := {S €S : corankby; > c}={s €S :rankb; <n+1—c}.

These carry the scheme structure given locally by the vanishing of the size n + 2 — ¢ minors of by,
and this is what is given to the S..

When 2 is not necessarily invertible on S, it is a subtle issue to endow the S. with a suitable
scheme structure: see, for example, [ABBGvB21, Definition 2.8] and [Tan24] for some possibilities
in low-dimensions. For the purposes of this article, we will take that which is locally pulled back
from the parameter space of the universal quadric in P" over Z, wherein they are equipped with
their reduced closed structure. Since universal degeneracy loci are reduced, as follows from [Kut74,
Theorem 1], this is the usual structure away from points of characteristic 2. Together with the corank
inequalities of 4.4, this means that, for all integers ¢ > 0, there are scheme-theoretic inclusions

Sbﬂin,c+l < Sc < Sbilin,c-

The content of these definitions is perhaps best illustrated with an example:
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4.7. Example. — Let S = Speck[€] be the spectrum of the ring of dual numbers over a field k, and
consider the quadric surface bundle over S given by

Q :=V(xpx; + ex%) C Pg.

The moduli map of Q — S identifies S with a tangent vector from a closed point in the universal
corank 2 locus into the corank 1 locus. This means that the corank 2 stratum associated with the
family Q — S is given by the reduced closed subscheme S, = S..4, and S; = S scheme-theoretically;
importantly, S, # S scheme-theoretically. Furthermore, note that if chark = 2, then the bilinear
corank 2 locus is all of S scheme-theoretically, so S, # Sy, » scheme-theoretically.

It is often useful to restrict a quadric bundle to pieces of the corank stratification, so that the
singular locus may be identified as the projective bundle on the bilinear radical. In general, as in
cases such as 4.7, some care is required. The following gives a useful situation in which this is
possible, and may be viewed as a relative version of the discussion in 4.4 and 4.5:

4.8. Lemma. — Let p: Q — S be a quadric (n—1)-fold bundle. Assume that S = S, scheme-theoretically,
Sey1 =@, and that r :==n+1—c> 0 is even. Then rad b, C & is a subbundle and Sing p is given by
the projective bundle P(rad b).

Proof. Since formation of the corank stratification and singular locus commute with base change, it
suffices to treat the case p: Q — S is the universal corank ¢ quadric over Z, so that we may take S to
be reduced. The polar form b,: & — &Y ® & has constant rank n + 1 —c so, since S is reduced, its
kernel rad b, is a subbundle of & of corank c. Now, on the one hand, Sing p is the scheme-theoretic
intersection of Q with P(rad by). On the other hand, since n+ 1 —c is even, 4.5 gives a set-theoretic
inclusion P(rad b,) € Q; but since the former is reduced, being a projective bundle over a reduced
base, the inclusion holds scheme-theoretically, from which it follows that Sing o = P(rad b,). [ ]

4.9. Fano schemes. — A submodule # C & is isotropic for the quadratic form q: & — £ if the
restriction ql|-, is the zero map. The subscheme of the Grassmannian G(r + 1,&) of rank r + 1
subbundles in & parameterizing isotropic subbundles is identified with the Fano scheme

pr:F(Q/S)—S

of r-planes in p: Q — S, which parameterizes P -bundles contained in Q. A basic fact is that when
p: Q — S is smooth of relative dimension n — 1, then the Fano schemes are smooth over S, with the
last nonempty one satisfying

2 ifn—1=2{, and

(+1
dim(p, : F(Q/S) = S) = d rank =
m(oe: F(Q/5) = 5) ( 2 )an raks, (P10 cors) {1 ifn—1=20+1.

In particular, this means that when p: Q — S is of even relative dimension 2¢, each fibre of
pe: F(Q/S) — S has two geometric connected components.

4.10. — Let Z C & be an isotropic subbundle of rank r such that its orthogonal Z =+ C & is also
a subbundle. Isotropicity implies that & C Z*. The quotient #1/Z is then a finite locally free
Os-module and q: & — £ induces a quadratic form q’: /% — £, defined on a local section v’
by ¢’(v') := q(v) for any lift v to Z+ C &. This is well-defined because

q(v+w) =q(v) +q(w) + by(v,w) =q(v)

for local sections v and w of Z+ and Z, respectively. Let p’: Q' — S be the corresponding family of
quadrics. Comparing functors of points shows that families of linear spaces in p: Q' — S naturally
correspond to linear spaces in p: Q — S containing P.%:
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4.11. Lemma. — For every integer k > 0, the Fano scheme F;(Q’/S) embeds into F;.,.(Q/S) as the
subscheme of (k + r)-planes containing PZ.

Proof. In detail, for every S-scheme T, the map ¥ — ¥ /% provides a bijection between subbundles
% C & such that F C ¢ C 37% and subbundles of 3‘7% /&1, sending g-isotropic subbundles to
q’-isotropic ones. Furthermore, taking v to be a local section of ¢ and t a local section of Z; in the
computation of 4.10 shows that an isotropic subbundle of ¢4 C &; containing % is automatically
contained in 97%, so that the map above restricts to a bijection between isotropic subbundles of &;
containing & and isotropic subbundles of ﬁTL [/ Fr. ]

Combining this with 4.8 relates Fano schemes of singular quadric bundles with those of smooth
ones. An important case for us is when p: Q — S is a quadric 2{-fold bundle where all fibres are of
corank 2, so that each fibre is a cone with vertex P! over a smooth quadric of dimension 2¢ — 2. The
following shows that such quadric bundles also have two families of maximal isotropic subspaces. A
related construction seems to have appeared in [DK20].

4.12. Lemma. — Let p: Q — S be a quadric 2{-fold bundle such that S = S, scheme-theoretically and
Sy = @. The Stein factorization of py.1: Fr41(Q/S) — S provides an étale double cover S — S.

Proof. By 4.8, rad b, C & is a rank 2 isotropic subbundle, and the quadric bundle p: Q — S defined
by the induced quadratic form on &/rad b, as in 4.10, is smooth of relative dimension 2¢ — 2. Then
4.11 embeds F,_;(Q/S) in F,,1(Q/S) as the locus of (£ + 1)-planes containing P(radb,). We claim
this is in fact all of F,;(Q/S), whereupon we can conclude by the discussion of 4.9. We note that
it is a routine exercise in quadratic forms to check that this is true on the level of sets. Let T be
an S-scheme and & € F;1(Q/S)y. Then by 4.13 below, # Nrad(by)r C Z is a subbundle, and
Z [Z nrad(b,)r is an isotropic subbundle of (&/rad by)y. Since (§/rad by)r is non-degenerate of
rank 2¢, the maximal rank of an isotropic subbundle of it is £, so the rank of &# Nrad(b,)r must be at
least 2. But this is a subbundle of the rank two vector bundle rad(b,); (as they are each subbundles
of &), so in fact we must have & Nrad(b,)r = rad(by)r or # D rad(by)r, as needed. [ ]

Linear spaces of dimension £ and £ + 1 must intersect the singular locus of a corank 2 quadric
2{-fold. This behaves well in families, even when the base S may be nonreduced:

4.13. Lemma. — Let p: Q — S be a quadric 2{-fold bundle associated with a quadratic formq: § - &
such that S = S, scheme-theoretically and S; = @. If & C & is an isotropic subbundle satisfying

rank(by|z: F C& -6 @ L) >
at every point s € S. Then & Nrad b is a subbundle of # and & | # Nrad b is a subbundle of &/ rad b,.

Proof. Note that kerby|s = & Nrad b, C &, so writing b,(F) for the image of Z, there is a short
exact sequence of 0s-modules

0—Znradb; > F — by(F)— 0.

We show that b, () is a local direct summand of & of rank ¢, from which the conclusion follows
from the short exact sequence. The question is thus local on S, so assume for the remainder that
S = SpecR is the spectrum of a local ring.

On the one hand, the hypothesis on rank b, |z means that some £ x £ minor of the matrix repre-
senting b,| is invertible, so b,(#) contains a subsheaf ’ which is a rank ¢ direct summand of
&". On the other hand, the modules by(ZF) C by(&) are isomorphic to the quotient of & C & by
rad b,. In this way, q induces a regular quadratic form on the rank 2¢ module b, (&) with respect



DERIVED CATEGORIES OF QUADRIC BUNDLES AND MODULI STACKS OF SPINOR SHEAVES 31

to which b, () is a totally isotropic submodule; in particular, the rank { summand % ' is totally
isotropic. In a regular quadratic module M of rank 2¢, an isotropic summand N of rank £ is equal to
its own orthogonal and hence maximal, since if N ¢ N’ is isotropic then N ¢ N’ ¢ N* =N, and so
this implies by(#) = F ’is a direct summand of Z. [ ]

4.14. Hyperbolic reduction. — Assume now that p: Q — S is a quadric bundle, meaning that it is
flat of relative dimension n— 1. Let & C & be an isotropic subbundle of rank r. Following [Kuz24,
§2.1], & is furthermore called regular isotropic if the map

b= Jg:6—-86"0L—>F"0%

is surjective. A straightforward argument using the discussion of 4.3 shows that this is equivalent to
the property that P.Z is contained in the smooth locus of p: Q — S. The orthogonal Z ' is then a
corank r subbundle of & containing .Z, so q induces via 4.10 a quadratic form q’: F+/F — ¥£. The
associated family of quadrics p’: Q" — S is called the hyperbolic reduction of Q along Z. This has a
modular interpretation by 4.11 as the scheme of r-planes along p: Q — S containing PZ.

4.15. — Hyperbolic reduction can be realized geometrically via linear projection centred at PZ. We
describe this here, though see also [KS18, Proposition 2.5]. Let & := &/ be the quotient bundle,
P& — P& the blowup along PZ, and Q the strict transform of Q. Then there is a diagram

é — 5 P&
/ / \‘
Q——> P& —————————— > P& —— P(F1/F) «— Q.

The morphism Q — P&’ is generically a P*~!-bundle, and restricts to a P"-bundle along the locus in
P&’ parameterizing r-planes in Q which contain PZ: this is Q' by 4.11.

This situation furthermore gives natural equations for Q’. To describe this, set some notation: Let
7/: P& — S be the structure morphism and form the following commutative exact diagram

00— n*F % 0.(—1) — 0
0 — "7 n*& n*& —— 0

where the locally free ps-module ¥ sits as the pullback of the right hand square. Write E for the
exceptional divisor of b: P& — P&. The following are standard facts:

4.16. Lemma. — In the setting of 4.14, the following are true:
() a:P& — P&’ is the P -bundle PY — P&’;
(ii) the exceptional divisor E of b: P& — P& is the subbundle P(n"* F) C PY;
(i) b*0,(1) = g,(1) and b*0,(1) = a*0,,(1) ® G5,(E); and

(iv) Q an effective Cartier divisor in P& defined by a section

g e H(P&, 0,(1) ® a*(0,(1) ® n'* £)). |

Pushing the section § from 4.16(iv) along a: P& — P&’ gives a canonical map
a,(4): Ope > 9" @0 (1)0 " L.

Since § is the family of linear forms along the projective bundle P¥ — P&’ corresponding to linear
sections of Q containing P.Z, the vanishing locus of a,(§) is supported on Q’. The following explicitly
verifies that they agree scheme-theoretically:
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4.17. Lemma. — Q’ is the vanishing locus of a,(G) in P&’

Proof. Having defined Q” and a,(q) globally, the question is local on S. Passing to a Zariski open, we
may thus assume that &, &, and & are free ds-modules of ranks 1, n+ 1, and r, and that there are
projective coordinates
PEX {(xo: %1 :Yo: : Ynr) EPL)

such that PZ = V(y,...,¥n—r) and Q = V(Zir:_é x;y; +q') where ¢’ is a quadratic form in the
remaining n — 2r + 1 variables (by the “splitting off a hyperbolic space lemma;” see [Bae78, Proof of
Theorem 3.6] which applies also when q is degenerate but the isotropic subbundle is regular). In
this way, P&’ may be identified with the P{~" on the y;-coordinates. Consider now the P"-bundle
The coordinates provide a splitting

@ = ﬂ/*g @ ﬁn/(—l)

and local fibre coordinates (t : --- : t,) for the associated P"-bundle a: P¥ — P&’ such that § from
4.16(iv) is given above a point y = (yg : -+ : y,_,) of P&’ by

(j)’ =Yoltot+ -t Y1t +q/(yr9"')yn—r)tr'

Thus a, () is the section of 4" ® 0,.,(1) = 0,,(1)®" @ 0,,(2) with components (yy, ..., ¥,—1,q ). Since
the orthogonal of & in & corresponds to the linear subspace V(yy,..., Y _1), the result follows upon
comparing with the definition of Q’ from 4.14. ]

This has a crucial consequence in the special case when the regular subbundle & has rank r = 1.
The discussion of 4.14 means that the morphism Q — P& is an isomorphism away from Q’, and the
inverse image of Q" has codimension 1. In fact, Q is often the blowup of P& along Q’. We give a proof
below, though compare with [KS18, Remark 2.6]. It may also be interesting to note that something
of this nature holds when & is not necessarily regular: see [CPZ25, Lemma 4.3].

4.18. Lemma. — Assume that & has rank 1. If Q' is an effective Cartier divisor in P(F+/F), then
a: Q — P&’ is isomorphic to the blowup of P&’ along Q' and its exceptional divisor A satisfies

O5(A) = 0,(1)® O5(—2E) @ T*(F " © ).

Proof Since Q' is an effective Cartier divisor in P(Z /%), which itself is a hyperplane in P&’, its
defining equation a,(g) from 4.17 is a regular section of 4" ® 0,,(1) ® n*%¥. The ideal sheaf .# of
Q' in P&’ therefore admits a Koszul resolution

0— Gpgr +@ 9We0,()®n*Y —>A®F—0

where A :=det(¥" ® 0,.(1) ® n™*¥). The sequence induces a surjection from the symmetric algebra
on the centre term to the Rees algebra on the twisted ideal sheaf on the right; since line bundle twists
only change the relative hyperplane class when taking Proj-constructions, this embeds the blowup of
P&’ along Q' into the projective bundle P¥. Furthermore, the sequence shows that the blowup is cut
out by the ideal generated in degree 1 by a,(q), and this is precisely Q by 4.16(iv).

To determine the line bundle on Q associated with the exceptional divisor A, recall that this is the
relative &(—1) for the Proj-construction: see, for example, [Stacks, 020S]. The Koszul resolution
above relates twists of relative (1)’s, yielding

0,(1) ® a*(6,,(1) ® 1" L)|5 = a* Alg ® G5(—A).

The diagram of 4.15 implies that A = 0,,(3) ® n"*(Z" ® £%2). Using additionally the fact that
a*0,/(1) = 0,(1) ® O5,(E) from 4.16(ii) and rearranging then gives the result. [ |


https://stacks.math.columbia.edu/tag/02OS
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The following gives an algebraic reformulation of the hypothesis in 4.18. See, for example, [Stacks,
0547 and 056L] for the definition of weakly associated points.

4.19. Lemma. — Assume that & has rank 1. Then Q' is an effective Cartier divisor in P(Z | Z) if
and only if S,,_; does not contain any weakly associated points of S.

Proof. Thisislocalon S, so pass to a Zariski open and adopt notation as in the proof of 4.17 with r = 1.
Then Q is cut out in P} by a quadratic form ¢ = xy +q’ and Q' is cut out by q’ in a complementary
Pg_z. That Q’ is an effective Cartier divisor means that ¢’ is not a zero divisor in Os[y4,..., Y11
Either by a minimal multidegree argument or else by [McC57], the polynomial q’ is a zero divisor
if and only if its coefficients are simultaneously killed by a nonzero scalar; this means that their
vanishing locus S,_; contains a weakly associated point by [Stacks, 05C3]. ]

5. CLIFFORD ALGEBRAS AND SPINOR SHEAVES

This section develops a theory of spinor sheaves, following [Add11, Xie23]. The new results here
are 5.13 and 5.14, which show how spinor bundles are related through special hyperplane sections;
and 5.17, which relates spinor sheaves on quadric cones with spinors from its base. Throughout,
unless otherwise stated, p: Q — S is a family of quadrics associated with a quadratic form q: & — %,
and we additionally assume that Q is an effective Cartier divisor in P&: see also 4.19.

5.1. Clifford algebras. — Following [BK94], the sheaf of generalized Clifford algebras associated
with the quadratic form q: & — & is the sheaf of ds-algebras with presentation

ct(e,q) =P, &%) e (D, 2%)(ver)e1-1818q(v):ves).

Placing &% ® £®F in degree i + 2k, the ideal of relations is generated by homogeneous elements of
degree 2, whereupon C{(&, q) becomes a sheaf of graded 0-algebras, with graded decomposition

ces,q)=P,_,Cta(&,q).

The sheaf Cl,(&, q) is the sheaf of even Clifford algebras; CL,(&,q) is the odd Clifford bimodule; and

there are isomorphisms
Clo(€,q)® £®* if d =2k, and
Cly(8,q)= o
Cli(8,9)9% ifd=2k+1.

Writing the rank n + 1 of & as 2¢ or 2 + 1, the tensor algebra induces 0s-module filtrations
ﬁS = Fllo C Fllz c---C Fﬂzé = CEo(g,q) and
&= Fll]_ C F113 c---C Fi12€+1 = Cﬂl(é”,q),

with associated graded pieces Fil; /Fil,_, = Al& ® (£V)®/2]. In particular, for each integer d,
Cl4(8,q) is a locally free Os-module of rank 2".

5.2. Clifford ideals. — Functoriality of the Clifford algebra construction, verified in [BK94, Lemma
3.3] for instance, provides, for each subbundle &’ C &, an inclusion of graded 0;-algebras

Cl(&',q') cCl(é8,q),

where q’: & — £ is the restriction of q. In particular, if # C & is an isotropic subbundle of rank r,
this provides an inclusion of graded 0s-algebras

(D_ A#7)e(P,.,£%)=ctw,0) ccus,q.


https://stacks.math.columbia.edu/tag/0547
https://stacks.math.columbia.edu/tag/056L
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The Clifford ideal #” = .# associated with # is the graded left ideal in C{(&,q) generated by the
degree r summand det #. Its d-th graded piece .¢; is a locally free &s-module of rank 2", as can
be seen by considering the tensor algebra filtration. Since the annihilator of det# in C{(&, q) is the
left ideal generated by #, writing [k] for shift-by-k in grading, there is a presentation

ClE,Q[-r—1]0 W @detW — CL(E,q)[—r]@det# — £ —0
of graded C{(&, q)-modules: see also [Xie23, Lemma 2.5].
5.3. Spinor sheaves. — lLet m: P& — S be the projective bundle associated with & and write

t: Q — P& for the inclusion morphism. For each d € Z, the d-th spinor sheaf y&"” = % associated
with # is the ,-module characterized as by the short exact sequence

05 0,(—1)® "9y 25 1*.9, = 1,5, — 0,

where ¢, is the map induced by Clifford multiplication upon viewing &,(—1) as the tautological
subbundle of t*& C Cl,(&,q). The point here is that ¢, is part of a matrix factorization of g,
that is, ¢4 0 ¢p4_; = q, where we abuse notation and write ¢4_; for its twist by &,(—1). This
implies that the cokernel of ¢, is supported on Q, and gives injectivity of ¢; under our assumption
that Q is an effective Cartier divisor in P§. Moreover, [Add11, Proposition 2.1] shows that if
corank(# C &) =n+1—r = 2, then the restriction of & to

- Q\ (P# NSing p) is locally free of rank 2" "; and
— P# N Sing p coincides with p*.¢;, and so is locally free of rank 2" ".

The spinor sheaves also enjoy the following properties relative to S:
5.4. Lemma. — % is S-perfect; it is furthermore S-flat if p: Q — S is flat.

Proof. By definition, & is S-perfect if and only if its pushforward to P& is perfect, which follows
from the defining exact sequence. If p: Q — S is flat, then Q, C P&, is an effective Cartier divisor
for each s €S, s0 ¢q4lpg, is injective. Then [Stacks, 046Y] shows that 1, % is S-flat, at which point
[Stacks, OFLM] implies that % itself is S-flat. ]

5.5. — Restricting the defining presentation of ,.%; to Q and observing that ¢; o ¢»;,_; is a matrix
factorization of g provides two exact complexes of &,-modules

i 0,(-2)© 0" Iy 25 0,(-1) @ p" Iy P p* 9y — Sy~ 0, and

O—>ya—>ﬁp(1)®p*jd+1¢i§ﬁp(2)®p*yd+2¢ﬂ§...,

see [Add11, §4] and [Xie23, p.168]. In particular, this shows that
Fq =im(Pgr1: p*Ig = 0,(1) ® p* I 41).

By relating the dual of these complexes with the corresponding right Clifford ideals associated with
W, as is done in [Xie23, Lemma 2.7 and Remark 2.9], this shows that the derived dual of a spinor
sheaf is simply a twist of another spinor sheaf; this is summarized by the following duality relations,
as in [Add11, Proposition 4.1] and [Xie23, Corollary 2.11]:

y Fr—4-1© 0,(=1) ® p*(det#" ®det&¥ ® %®Y ifrank& = 2¢, and
AR
d Frg ®0,(=1)®@ p*(det#’ ®det&" ® £%) ifrank& =20 +1.
Finally, there is the degree shift relation % ® p* £ = 5.

The defining presentation of %; makes it easy to compute its derived pushforward along p: Q — S.
For instance, Rp,.%; = .4,. For later use, some vanishing pushforwards are as follows:


https://stacks.math.columbia.edu/tag/046Y
https://stacks.math.columbia.edu/tag/0FLM
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5.6. Lemma. — For any d € Z and each integer 0 <i <n—2,
Rp*(% ® 0p(_i - 1)) = RP*RﬁomﬁQ(ﬁp(i)a 5’;1\/) =0.

Proof. Vanishing for #; ® 0,(—i — 1) follows from the defining presentation of #; and the fact that
m: P& — S is a P"-bundle. Together with the duality relations from 5.5, this implies the vanishing of
the Rp,R#om, (0, (1), . [ |

To illustrate the theory and for later use, the following two paragraphs explicitly describe spinor
sheaves when & has small even rank. In short: when rank & = 2, spinors are structure sheaves of
points; whereas when rank & = 4, spinors are essentially ideal sheaves of lines.

5.7. Spinors in relative dimension 0. — Let p: Q — S be a family of quadrics of relative dimension
0, and consider a closed subscheme i: P# — Q given by an isotropic line subbundle of &; this is the
effective Cartier divisor in P& defined by a section spy, : 0, = 0,(1) ® n*(&/#). The equation of Q
in P& factors as

so: O.(—2) 25 o (-1 e &/ W) St g

where s is the equation of the residual subscheme j: Z — Q to P# in Q: this is an effective Cartier
divisor of relative degree 1 over S away from the corank 2 locus S,, and is otherwise the entire fibre.
With this notation, the d-th spinor sheaf associated with # is:

i, Opy ® p*(det& ® £®1) if d = 2k, and
S
T\, e®pt (e L if d =2k +1.

Proof. Since # is an isotropic line subbundle, the associated Clifford ideal .# satisfies .%; = # and
L Z=(E/7)® W = det&. Therefore the degree 2 spinor sheaf % is the cokernel of the map

by: O (1)@ "W — n*det&

induced by Clifford multiplication. It is straightforward to see, via a local computation for instance,
that this is the map spy, 50 % =1, 0py ® p* det§. Similarly, & is the cokernel of

o.(-1)en*((&/M)eW L) n*Y,

which may be identified as s;. Therefore & = j, 0, ® p*# . The remaining degrees then follow from
the degree shift relation from 5.5. ]

5.8. Spinors in relative dimension 2. — Let p: Q — S be a quadric surface bundle. If # is a rank
2 isotropic subbundle of &, then its dual spinor sheaf of degree d is

V ~

{yPW/Q ® p*(detw" @ £® 7+ if d = 2k, and
=

Hom g (Foy g, Og) ® O,(—1) ® p*(det &' ® £®7H) if d =2k + 1.
Proof. Tt suffices to treat the case d = 2k is even, as the odd case then follows from the duality
relations of 5.5. Since the pushforward of % along p: Q — S is the 2k-th Clifford ideal .%,, taking

the canonical line subbundle £®*~! inside Cly_,(&,q) = Cly(&,q) ® £®1 in the presentation of
Sy from 5.2, evaluating sections along p, and dualizing provides a canonical map

o: 5”21 — p*(detw" @ L7+,

It suffices to show that o is injective and that its cokernel is locally isomorphic to the structure sheaf
of P#, reducing the problem to a local one on S.
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Shrinking S then reduces the problem to the case where all of &, ¥, and # are trivial 0s-modules;
in particular, since . is trivial, only the parity of the degree matters in Clifford algebra considerations.
Choose global projective coordinates (xg : X, : X5 : x3) on P& = P3 so that P# = V(x,, x;) and

Q= {(xo 1X] Xy X3)E Pg 1 xoLg+x1L; = O} where L, L, € (P2, 0Pg(1)),

and such that L; does not contain the variable x,. Writing e; for the basis vector of & dual to the
coordinate x;, the odd and even Clifford ideals associated with # have bases

I = (05 -epeze3) ® (Os - ereqe3) and £, = (0s - exes3) @ (05 - egeqeqes)

so that det # includes as the first summand of the even Clifford ideal. A direct computation using
the presentation from 5.3 identifies the even spinor sheaf &, as the cokernel of the map

L L
( 0 1) 1 O0(-1)®p* S — p Y,
X1 Xp

The map dual to o is the inclusion p*det# — p*.#, of the first summand followed by the projection
p*#,. — &, onto the quotient. From this, it follows that o" vanishes precisely at points where the
bottom row of the above matrix vanishes, identifying its cokernel as j, Gp, . The kernel of ¥ may be
identified as the submodule of &, spanned by local sections of the form alL + bL, where a,b € ¢,
satisfy —ax; + bxg = 0. The relation implies that the kernel is both x,- and x;-torsion, and therefore
must be zero. Thus there is a right exact sequence

v
prdetw % S = J.Opy — 0.

The resolutions in 5.5 imply that spinors do not have higher &xt-sheaves, so the dual exact sequence
takes the form

0> R A gthﬁQ(j*ﬁpw’ Op) — 0.

Grothendieck duality together with transitivity of relative dualizing sheaves along the inclusions
P# — Q — P& implies that the last term is j, Opy, from which the conclusion follows. [ ]

5.9. Dependence on the subbundle. — The special Clifford group scheme ST'(&,q) of the quadratic
form q: & — £ is the group scheme over S whose T-points are

SI(&,q)(T) :={u e Clo(&r,qr) tu- & -u' C &},

consisting of units in the base change C{y(&r,qr) of the 0-th Clifford algebra to T such that conjuga-
tion on C¢,(&r,qr) preserves the subbundle &;. This preserves the quadratic form and fits into an
exact sequence of group schemes over S

1—- G,, » SI'(&,q9) — SO(&,q)

which is furthermore exact on the right when q: & — & is regular: see [Knu91, IV.8.2.3].
Suppose that the conjugation action of a section u of SI'(&, q) takes an isotropic subbundle # C &
to ¥. Letting the special Clifford group act on the right,

7wt =cl(&,q) - (u-detw -u) =Cl(&,q) - dety = .97

Thus the action of u provides an isomorphism .97 = .¢” of C{(&, q)-modules, whence an isomorphism
7 = 97 of the corresponding spinor sheaves.

As an application of this principle which will be useful in §7, the following shows that, over an
algebraically closed field, once the quadric is at least 4-dimensional and its singular locus is at most
1-dimensional, then a given spinor sheaf is isomorphic to the spinor sheaf associated with a linear
space containing any given smooth point:
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5.10. Lemma. — Let Q C PV be a quadric of dimension n—1 = 4 and corank < 2 over an algebraically
closed field k. Write n as 20 + 1 or 2{ + 2. Given any smooth point x € Q and any {-plane PW C Q,
there exists an {-plane PW’ C Q containing x whose associated spinor sheaf is isomorphic to that of PW.

Proof. If x € PW, then there is nothing to show. So suppose that x ¢ PW. Then it suffices to show
that there is x” € PW which is a smooth point of Q in the orbit of x under the special Clifford group:
If g-x = x’ for g € ST(V,q), then PW’ := g~ . PW C Q is an {-plane containing x whose spinor
sheaf is isomorphic to that of PW by 5.9. Construct x’ in three steps:

First, there exists a point x’ € PW which is a smooth point of Q and such that the line in PV
spanned by x and x’ is disjoint from the singular locus of Q: Writing v € V for a basis vector of the
linear space underlying x, this means there exists v/ € W not contained in k - v + rad q; in other
words, it suffices to show that

(k-v+radg)nw ¢ W.

Since dimy(k - v + radq) < 3 and dimyW = £ + 1 > 3, the only way equality can occur is if
k-v+radq =W. This is impossible since v ¢ W. Now fix any such x’ =Pv' € PW.

Second, there is a 4-dimensional subspace U C V such that q|; is non-degenerate and v,v’ € U.
Set U; :=k-v@k-v' Cc V. There are then two cases depending on the pairing between v and
v If by(v, v') =0, then Uj is isotropic and intersects rad q trivially, so by the theory of hyperbolic
planes, there is a subspace U, C V mapped isomorphically to U, by by. If by(v,v') # 0, then Uy is
itself a hyperbolic plane, so we have a splitting V = U; & UlL. The orthogonal UlL has dimension
n—1 2> 4 and carries a quadratic form of corank < 2, so it has an isotropic vector not contained in
its radical. This isotropic vector can be completed to a second hyperbolic plane U,. In either case,
U :=U,; ® U, C V is a hyperbolic subspace of dimension 4 containing v and v/, as desired.

Finally, to conclude, since q|;; is non-degenerate, there is an orthogonal decomposition V = U@ U~
and a corresponding inclusion of special Clifford groups

ST(U, qly) x4 ST(U, qly1) € ST(V,q).

Since U is nonsingular, the morphism SI'(U,q|;) — SO(U,q|y) is surjective, as in 5.9. Since
dimy U > 2, the special orthogonal group acts transitively on its isotropic lines; this implies that there
exists an element g’ € ST(U, q|y) taking k- v to k- v’. Then the element g := (g’,1) € ST(V, q) has
the sought-after properties. [ ]

5.11. Hyperplane sections. — The next few paragraphs describe the relationship between spinor
sheaves on a quadric and a hyperplane section when the hyperplane contains the defining subspace.
Let & C & be a corank 1 subbundle and let q': & — £ be the restriction of q thereon. The Clifford
algebra of &’ is then a graded subalgebra of the Clifford algebra of &, and the quotient can be
identified as follows: Writing & := &/&’ for the quotient line bundle and [—1] for shift of grading,
there is a short exact sequence of graded CL(&’,q’)-modules:

0— Cl(&,q")— Cl(&,q) — &' ®4, CLE ,¢H)-1]— 0.

Proof. Clifford multiplication gives a map & ®,, CL(&’,q")[—1] — CL(&,q)/CL(&’,q") which vanishes
on & ®,, CL(&',q’)[—1] and therefore factors through a map

6" ®g, CL(&',q)[-1]1 - Cl(&,9)/CL(E’,q).

The degree d part of each side is a locally free s-module of rank 2" and easy to see that a local
basis on the left is sent to one on the right, so the map is an isomorphism. [ |
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More generally, # C & be an isotropic subbundle, and write .# and .# for the associated Clifford
ideals in Cl(&,q) and CL(&’,q"), respectively. Since both ideals are generated by det #/, .#’ may be
identified as a sub-C{(&”’,q’)-module of .#. The argument above generalizes to yield:

5.12.Lemma. — In the setting of 5.11, inclusion induces an exact sequence graded of C£(&’,q")-modules
0—.9"—.9-8"9, 9[-1]-0. [
The sequence of Clifford ideals induces a corresponding sequence of spinor sheaves. To set notation,

write 1’: P&’ — S and p’: Q' — S for the projective and quadric bundles associated with q¢’: &' — £,
and let # and &’ be the spinor sheaves corresponding to # on Q and Q’, respectively. Then:

5.13. Lemma. — In the setting of 5.11, there is an exact sequence
0= = Sl = "0 —0.

Proof. This can be deduced from 5.12 via the following general construction: For any quasi-coherent
graded C{(&’,q’)-module .#, Clifford multiplication as in 5.3 provides a short exact sequence

0—- 0 (-1)®n* M > " My—1,.F —0

where Z is a quasi-coherent sheaf on Q' and : Q" — P&’ is the inclusion, and the assignment
M — Z determines an exact functor from the category of quasi-coherent graded C{(&’, q")-modules
to the category of quasi-coherent modules on Q’. [ |

Going the other direction, the spinor sheaf % on Q is related to the Clifford ideal p*.#’ via
modification by %/ along the closed subscheme j': Q" — Q. This relation comes from considering the
quotient of the Clifford ideal p*.#; by the span of the Clifford ideal p*.#; for the hyperplane section,
and the twisted spinor sheaf 0,(—1) ® #;_, identified as the image of the Clifford multiplication
map ¢4 from the first complex in 5.5:

5.14. Proposition. — In the setting of 5.11, assume additionally that j': Q" — Q is the inclusion of an
effective Cartier divisor. Then p*.# é N 0,(—1) ® F4_, = 0 as submodules of p*.#; and

P /(" 2@ O,(—1)® F4_1) = p*E" ® .Sy
In particular, there is a short exact sequence
0-0,(-1)®F_—p ("% )—-pE'ejs  —0.

Proof. We first show that g,(—1) ® #_,, viewed as the image of ¢4: 0,(—1)® p*F;_1 — p*F; as
above, intersects p*.¢ é trivially away on Q \ Q’. There, the inclusion &’ C & is split by the composite
0,(—1) = p*& — p*&”, and this induces a corresponding splitting of the sequence from 5.12:

With respect to this splitting, ¢ 4/q\o may be identified as the map

(p1,92): O,(—-1)® p* é_llQ\Q’ ®0,(—2)®p" é_2|Q\Q’ — p"Flow

where ¢; is induced by i-fold Clifford multiplication. Now ¢, = 0 since it is multiplication by the
equation of Q as in 5.3, and ¢; is the inclusion of a direct complement of p*ﬂélQ\QI since any
local section contains a local section in & \ &’. This shows that p*.#; N 0,(—1) ® #_, is zero upon
restriction to Q \ Q’. Since this is a submodule of a locally free 0Oy-module, and the complement Q\Q’
of an effective Cartier divisor is scheme-theoretically dense in Q, in fact p*.#; N 0,(—1) ® #;_; = 0.
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The quotient of p*.#; by the span of these two submodules may be identified as the cokernel of
Y: Oy(-1)® Fy_q — p* Iy — p Iy /p* F = p (6" ® 75 _,)

where the rightmost identification is from 5.12. We claim it is scheme-theoretically supported on Q’.
This is a statement local on S, so assume that £ = s and that

é”gﬁs-eoeaé"/%(@?:_g_lﬁg-ei)GB”WE@?:OﬁS-ei.

With these trivializations, p*(6” ® #;_|) = ey p*Cly_,._1(&’,q") - det# and, writing x; for the
coordinates of P& = P" dual to the basis e;, the image of 1) may be identified with the submodule

(x0€0- p*Cly—y—1(&',q") - det W) + (eq - (x1e1 + -+ xp,) - p*Cly_y—5(&',q) - det #).
The first summand shows that coker) is supported on the vanishing locus Q" = Q N P&’ of x,.

Writing cokerp = j'.Z, it remains to show that # = p”&” ® &, |. We have & = coker j*y =
coker a where «a is as the diagonal map in

0 —8— P/*Jé P/*yd p/*(g//®jé_1) —_ 0

a se] 2w

0 — 0,(-1)®p" s | — 0,(-1)®p"*F_ 1 — 0,(-1)®p"(&"®.% ,) — 0

where the rows are exact and the squares are commutative by 5.12. We see that the cokernel of a is
equal to the cokernel of ¢, | which is equal to p*&” ® j'#; ;. [

5.15. Cones. — The final few statements in this section describe the behaviour of spinor sheaves
along cones over quadrics. Let £ C & be a rank ¢ subbundle contained in the radical of g, set
&:=&/A,and let G: & - ¥ be the induced quadratic form. The quotient map & — & induces a
short exact sequence of graded C£(&, g)-modules

0— ¢ —Cl(&,q) > Cl(&E,q)—0

where the kernel is the sheaf of ideals generated by #. Since ¢ lies in the radical of g, it is central
in C((&,q), and so £ is a two-sided ideal. The quotient map endows each C{(&, §)-module with the
structure of a C{(&, g)-module.

Let # C & be an isotropic subbundle of rank r containing .#, and let # C & be the corresponding
isotropic bundle in the quotient. The Clifford ideals .# and .# associated with % and #, respectively,
are related as follows:

5.16. Lemma. — .$; = 4, ®, detx" as Clo(&,q)-modules for each d € Z.

Proof The annihilator in C£(&, q) of the generator det # of . is the preimage of the sheaf of left
ideals in C¢(&,q) generated by #. Since # = # /4, and A is central in C£(&, q), this is the sheaf
of left ideals in C£(&, q) generated by #. So Clifford multiplication gives rise to a presentation

Cly_rrer(E, Q)@ W @detW — Cly_,1.(&,q) @detW — F; — 0.

Since det # = det# ® det.#V, this is also the presentation for .%;, . ® det.#". [
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As usual, linear projection centred along P2¢" results in a commutative diagram
Q
bo {E @
P&
RN

where b: P& and bg: Q — Q are the blowups of P& and Q along P.#, respectively, and a: P& — P&
is the morphism resolving linear projection. The blowup Q may be identified as the restriction of
linear projection a: P& — P& over the base of the cone Q; in other words, the top right square in
the diagram is Cartesian. The spinor sheaves % and & associated with # and #/, respectively, are
related as follows:

5.17. Proposition. — RbQ’*LaE% = Sy ® p*det Y in D (Q) for each d € Z.

Proof. View the defining presentation of .%; on P& as an exact triangle in ch(Pé_") of the form
- - - 41
0.(—1)® 7*.9; | —> 7*9; —> Ri,F; —>

Apply Rb,La* to obtain a triangle in D,.(P&), the first two terms of which are easy to identify:
Commutativity of the diagram, the projection formula, and 5.16 together give the first line of

Rb,La*(0(—i) ® t*.%;_;) ZRb,a*0x(—i) ® n*(Fy . ®detx")
> 0,.(—1) ® (S ®det# V) fori =0, 1.

For the second line, note that a*@;(—1) = 05,(E) ® b*0,(—1) where E C P& is the exceptional
divisor, and so Rb,a*0x(—i) = 0,(—i) for i = 0,1. As for the third term in the new triangle,
observe that a: P& —» P& is a projective bundle, so it is tor independent with i: Q — P&, and thus
La*oRi, =Rio La;f2 as functors ch(Q) - ch(ﬁé") by [Stacks, 0E23]. Commutativity of the top left
square above then shows that Rb, o Rl = Rt o Rb, ,. Therefore the new triangle is

_ 41
0:(—1) 8 (S 1 @ det ) —> 7*(Syy.c @ det ) —> RuRbg  La’ Ty —
Comparing with the defining sequence for %, . now shows that
RL*RbQ,*Lg% = R, (Frc ® p*det ) € D (PE).

Since the closed immersion ¢: Q — P& is, in particular, affine, this at least shows that RbQ,*Lg,S;a is
a complex concentrated in degree 0. Using that ¢, is fully faithful on quasi-coherent modules, see
[Stacks, 01QY], the sheaf in degree 0 is identified with %, . ® p* deg.#"¥, whence the result. [ |

6. KUZNETSOV COMPONENTS UNDER HYPERBOLIC REDUCTION

Returning to the setting of 4.14, suppose the quadric bundle p: Q — S admits a regular section
corresponding to a rank 1 subbundle & C &, and let p’: Q' — S be the associated hyperbolic
reduction. Assume throughout that S,,_; does not contain any weakly associated points of S, so that
Q' is an effective Cartier divisor in P(Z1/.%) by 4.19. The aim in the first half of this section is to
relate the Kuznetsov components of Q and Q’. Specifically, a mutations argument gives in 6.1 an
S-linear equivalence ®: Ku(Q") — Ku(Q). We are then able to explicitly identify the kernel underlying
® in 6.2, with which we show in 6.3 that ® sends the dual spinor sheaves of Q’ to those of Q.


https://stacks.math.columbia.edu/tag/0E23
https://stacks.math.columbia.edu/tag/01QY
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To begin, continue with the notation from the diagram in 4.15. By its construction together with
4.18, the scheme §: Q — S is a blowup in two ways, and fits into a commutative diagram

E < L Q J > A
PF —— Q P&’ <L> Q’

of schemes over S. Orlov’s blowup formula from [Or]92, Theorem 4.3], see also [Kuz14, Theorem
1.6], therefore gives two semiorthogonal decompositions of Dy.(Q): On the one hand, viewing Q as a
blowup of Q along P.Z yields a S-linear semiorthogonal decomposition of Dy.(Q) of the form

B) (Lb*Ku(Q), Lp"Dyc(S) ®* G, ..., L™ Dy(S) ®" G5((n — 2)H),

Lp*Dye(S) ®* R, O, ..., Lp"Dye(S) ®" Ri, O5(—(n— 3)E))
where 05(H) := b*0,(1). On the other hand, viewing Q as a blowup of P&’ along Q' and writing
06(}1) :=a*0,/(1) yields the S-linear semiorthogonal decomposition
@) (RI.(La;Ku(Q) ®" Gp(A)), LB Dye(S) ®" RJ,OL(A), ..., LE*Dye(S) ®" Rj, Op(A + (n—4)h),

Lp*Dye(S) 8" G5, ..., Lp*Dye(S) ®" 05((n— 1)h)).

The following matches the two Kuznetsov components via a series of mutations:

6.1. Proposition. — As S-linear subcategories of ch(é),
Lb*Ku(Q) = Lyep,(s)et o5(-5)(RI(La Ku(Q) " 6,(A)).

This determines an S-linear equivalence of categories ®: Ku(Q') — Ku(Q).

Compare the proof below to the proof of [Xie23, Theorem 4.2].

Proof. Starting with the semiorthogonal decomposition (B), we perform a series of mutations, which
are justified by 3.4, to arrive at a decomposition which may be compared with (A). The overall
strategy is to carefully move the components supported on E completely toward the left, so that they
end up adjacent to the Kuznetsov component of Q. In what follows, all functors are derived, so we
suppress the L and R for left and right derived functors. Moreover, all constructions are linear over S,
so to ease the notation, we suppress the tensor over Lp*D,.(S) and simply denote by an exceptional
object the corresponding S-linear subcategory it generates.

Step 1. Starting from 7, 0y and moving right, for each k =0, ...,n—3, move 7,0;(—kE) to the left
via n — 2 — k right mutations. Each mutation is of the form

(O5(mH — KE), 1,05 (—kE)) = (L, 05(—KE), Ry g, (_r)(G(mH — (k + 1E)).

To determine the right mutation, note ﬁa(H ) restricts trivially to E because Q — Q is a blowup along
a section, so that

p*b*%omga(ﬁa(mH —kE),1,05(—kE)) = p,.b,1,0; = 0,

generated by the equation of E in Q. Therefore the right mutation of 0§(mH —kE), which is the
cone of the coevaluation map above up to a twist, is

cone(Gg — 1,0p) ® O5(mH — kE) = O5(mH — (k + 1)E).
This series of right mutations produces a semiorthogonal decomposition

(b"Ku(Q), A, - - -, Hn_3, Oz((n—2)h))
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where .o/ = (05(kH — kE),1,0p(—kE)) for each k =0,...,n—3.
Step 2. Within each of the blocks .¢, left mutate 7, 0g(—kE) through 05(kH —kE). The computa-
tion from step 1 implies that this produces decompositions

) = (0’6(kH —(k+1)E), ﬁa(kH —kE)) = (ﬁQ(A + (k—1)h), ﬁa(kh)),
for k =0,...,n— 3, where the second equality arises from the relations
03(H—E) = 05(h) and 05(H—2E) = 05(A)® 0" (F ® £)

from 4.16(iii) and 4.18, respectively, and the fact that twisting by p*(Z ® £") does not affect the
S-linear subcategory an object generates. Regroup the resulting decomposition of D (Q) as follows:

(b*Ku(Q), O5(—E), By, ..., By_g, O5((n—3)), O5((n— 2)h))

where %, := (0é(kh), O(A+ kh)) fork =0,...,n—4.
Step 3. Within each of the blocks %, left mutate ﬁé(A + kh) through ﬁé(kh). Since A is the
exceptional divisor of the blowup a,

B Hom g, (O5(kh), G5(A+ kh)) = 5, 05(A) = pla, O5(A) = 65,

the generator being an equation of A. Therefore the left mutation of g5(A + kh), being the cone of
the evaluation map, is

cone(ﬁa — 0Q(A)) ® 0Q(kh) = j7.0,\(A +kh).
This gives By = (j.Or(A + kh), O5(kh)) for k=0,...,n—4.
Step 4. Since 0, (A) restricts to Gp1(—1) along the fibres of A — Q’,
B Homg(05(kh), ,0p(A + Lh)) = pla,],00(A+ (£ — K)h)
= p! jlay ,On(A + (€ —K)h) = 0.

Therefore the g;(kh) are totally orthogonal to the j, 0, (A + £h) for all integers k and ¢, and so the
decomposition can be reordered to

(b*Ku(Q), ﬁé(—E),j*ﬁA(A), s JxONA+(n—4)h), 05, . .., 0@((n —2)h)).

Step 5. Right mutate b*Ku(Q) through G5(—E) and apply Serre duality for the morphism p': Q—S
to move 05(_]5 ) to the right side. Since

05(—E) ® w% = G5((n— 1h) ® 5"

for some invertible &g-module .#, this yields the S-linear semiorthgonal decomposition
(Rﬁé(—E)(b*Ku(Q))a j* 0A(A): v ’j* ﬁA(A + (Tl - 4)h): ﬁN’ cees ﬁé((n - 1)h)>

Comparing with the semiorthogonal decomposition (A) shows that
R g(—5)(b"Ku(Q)) = j.(a}Ku(Q) ® G,(A))

as S-linear subcategories of ch(a). Applying left mutation through g5(—E) on both sides then
completes the proof. ]

Since ¢: Ku(Q') — Ku(Q) is a composition of pullbacks, pushforwards, tensor products, and
mutations, it is of Fourier—-Mukai type. To determine a kernel, consider the commutative diagram

b Qe———4A a
Y lf\r
Q —— QxsP& —— QxsQ —2
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where j: A — Q x4 Q' is the closed immersion as the point-line incidence correspondence, resulting
from the geometric interpretation of p’: Q" — S from 4.11 as the relative scheme of linesin p: Q — S
incident with the section P.Z:

A= {(x, [£]) €Q x5Q : x €, £ CQa line through the section Pﬂ'}.

Let ¢ be the ideal sheaf of A in Q x5 Q’. The result is as follows:

6.2. Proposition. — &: Ku(Q") — Ku(Q) is the Fourier—Mukai functor with kernel
prZ(ﬁp/(l) ®p*(ZF'® .59)) ® ¢ €D, (Q xg Q).
Proof. Functors in this proof are all derived. By construction, ® sends an object F € Ku(Q’) to
M € Ku(Q) characterized by
Lb*M = cone (ﬁ*% ® O5(—E) — j(a F ® JVA/Q))
=~ cone(p*# — j.ai(F ® 0,(1))ep*(F'e 2))® 05(—E),
where A}, 5 is identified as j*(05(h—E) ® P (ZFV ® %)) via 4.16(iii) and 4.18, and # is the object
H = pHomg (Oy(—E), J.(a'F ® A} 5))
=p,Ja"(F®0,(1)e(F'eL)=p/(F®0,(1)8(F'eL)eDy(S).

Since b: Q — Q is a blowup along a regular section, b, 05(E) = 0, so the projection formula gives
an isomorphism M = b, (b*M ® ﬁQ(E)). Therefore there is a canonical isomorphism

®(F) = b, cone (p*# — j.a*(F® 0,,(1)) 8 p* (7" ® £)).

Writing p*¢ = pry ,pr5(F ® 0,,(1)) ® p*(ZY ®.%)and pry: Q xgQ — Q for the first projection, the
relations a = pry o j and b o j = pr; o j from the diagram above simplifies this to

®(F) = pry , cone (prz(F ® 0,/(1)) = j,j'pro(F & ﬁp/(l))) ®p*(FV e %)
= pr, , cone (prz(F ® 0,(1)) > pry(F® 0,/(1)) ® j*ﬁA) ®p*(ZF' %)

where the map is restriction to A. Thus the cone is prj(F ® 0,,(1)) tensored with the ideal sheaf #
of Ain Q x5 Q’, and so

®(F) = pr, ,(pr3(F) ® pry(0,, (1) ® p"(F" ® £)) ® #). .

A particularly useful feature of the equivalence ®: Ku(Q') — Ku(Q) is that it is compatible with the
construction of spinor sheaves. More precisely, let %’ c Z1/.Z be an isotropic subbundle, and let %
be the corresponding subbundle of in &. For each integer d, these define spinor sheaves yd’ and %
on Q' and Q, respectively. By 5.6, these may be viewed as objects in Ku(Q’) and Ku(Q), respectively.
The statement is that ® sends the dual of one to the dual of the other:

6.3. Proposition. — &(&;") = &)’ forall d € Z.

Proof. All functors are again derived in this proof. Continuing with the notation from the diagram
preceding 6.2, tensor the ideal sheaf sequence for j: A — Q x4 Q’ with przyii’ and pushforward along
pr;: Q xg Q' — Q to obtain the triangle

. : +1
P (P ® #) — pry pryFy — (pry © )).(pry 0 j)* 7 —
in D,(Q). The defining presentation for the spinor sheaf from 5.3 identifies the middle term as

Py Pry 7y = p 0T = p"
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where .#; is the d-th Clifford ideal on S associated with #’. To identify the term on the right, let Q”
be the intersection of Q with its tangent space along P.Z; in other words, let ¢/ : F+ — £ be the
restriction of q to the orthogonal of Z, and let Q” be the associated quadric bundle in PZ*. Then
Q" is a cone over Q' with vertex P, and the morphism pr; o j: A — Q factors through a morphism
by: A — Q" identifying it with the blowup along the vertex. Thus there is a commutative diagram

A— QxsQ 5o @

N

. i
Q" — Q.

Writing ay, = pry 0 j: A — Q’, the term on the right is identified via 5.17 as the pushforward to Q of
a spinor sheaf on Q" associated with #':

(pry 0 )(pry o j) S Zilby ay Sy Zil S, @ p*F .

Identifying furthermore the Clifford ideal .#; for p": Q" — S with the twisted Clifford ideal £}, , ® Z"

d+1
for p”: Q" — S via 5.16 transforms the triangle to

1
pr (P13 ® 9)— p Sy, ©p* T — il @ p P

where the second map is induced by the evaluation map. Comparing with 5.14 and using the fact
that §/Z+ = 2V ® &£ shows that

(*) pry . (pryF ® #) = F ® O, (1)@ p* L.

To conclude, it remains to compare the two spinor sheaves to their duals via the relations in 5.3.
Writing the rank of & as 2k or 2k + 1, and that of # as r, the relations give

S ®0,(-1)= S, ,®p (detW @det(F/F)® £V*1), and
F4100, ()= FY, ,®p*(det# ®@det& ® £*®5).

Since det#’ = det? ® Z" and det(Z1/ZF) = det& ® £V, substituting these identifications into
(), cancelling out common invertible factors, and multiplying through by p*% shows

pr; (prs)” @ pri(0,,(1) @ p™*(F' © L)) ® £)= ).
The functor on the left is ® by 6.2, yielding the result. ]

One simple application of 6.3 is to show that spinor sheaves are relatively simple in certain
situations. Note that this is not always the case: see [Add11, Proposition 6.2].

6.4. Corollary. — Let p: Q — S be a quadric 2¢-fold bundle, P# — S an isotropic {-plane intersecting

Sing p in at most 1 point in each fibre, and 5’;1\/ the associated spinor sheaf. Then the canonical map
05 — p,Homg (#), )

is an isomorphism for any d € Z. In other words, de is simple over S.

Proof. The assertion is local on S. Passing to an étale cover, we may assume that # admits a line

subbundle 4. Let p’: Q" — S be the associated hyperbolic reduction, set #” := #'/.4, and write ;"

for the corresponding d-th dual spinor sheaf. There is an S-linear equivalence & : Ku(Q") — Ku(Q)
satisfying &%, = ®(#,¥) by 6.1 and 6.3, so this induces an isomorphism

Rp,Romg, AR Rp;R%omﬁq, Y, ).

By induction, then, it suffices to treat the case when p: Q — S has relative dimension 0 and P%# — S
provides a section w: S — Q of p. In this case, 5.7 shows that the spinor sheaves §/’dv are, up
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to invertible factors, of the form i, @y for a closed subscheme i: T — Q cut out in the P!-bundle
m: P& — S by a line bundle of relative degree 1. Noting that p is flat and i is affine, taking degree 0
cohomology sheaves then gives the result:

p*%omﬁb(tsﬂdv: 5’;1\/) = p*%omﬁq(i*ﬁT: l*ﬁT) = p*i*%omﬁr(ﬁT’ ﬁT) = p*l*ﬁT = ﬁS' u

6.5. Maximal hyperbolic reduction. — Let p: Q — S be a quadric bundle of even relative dimension
2{. Suppose that there exists a regular isotropic subbundle & C & of rank ¢; in particular, this
implies that S5 = @. Assuming furthermore that S, contains no weakly associated points of S, the
corresponding hyperbolic reduction u: M — S is a family of quadrics of relative dimension 0, having
1-dimensional fibres over points of S,. As such, we refer to u: M — S as a maximal hyperbolic
reduction of the quadric bundle p: Q — S.

Identify M via 4.11 as the subscheme of the relative Fano scheme F,(Q/S) parameterizing £-planes
along p: Q — S that contain PZ, and let Z be the tautological isotropic subbundle of rank £ + 1 in
u*&. In this way, the quadric bundle

Q xg M C P& xg M = P(u*&)
over M via pry: Q x¢ M — M carries a tautological family PZ of isotropic {-planes. Writing #; for

the associated degree d spinor sheaf on Q xg M, we have the following:

6.6. Proposition. — In the setting above, the Fourier-Mukai functor Dy.(M) — Dy(Q) given by
Wy(F) := Rpry (LprsF ®" )

factors through Ku(Q) and defines an S-linear equivalence ¥y : Dy (M) — Ku(Q) for each d € Z.

Proof. To ease notation, all functors in this proof are derived. That the functor factors through Ku(Q)

follows from 5.6: Indeed, using p o pr; = u o pry, the fact that the relative tautological bundle of

pry: Q Xg M — M is Oy,

p.Homg, (0,(1), ¥q(F)) = p,pry (prsF ® Homg, (G, (D), 7))
= .U’*(F ® pr2,*‘%ﬂomﬁstM (ﬁprz(i): 5’11\/))
=0 for0<i<2r—1.

(1) :=prj0,(1), and the projection formula,

Henceforth, view ¥y as a functor Dy.(M) — Ku(Q). Show that this is an equivalence via induction
on the integer £ > 1. When £ = 1, the even degree d = 2k dual spinors 5@,’( are by 5.8, up to twists
by invertible objects pulled back from S, the ideal sheaf ¢ of the tautological line j: A < Q xg M.
In this case, 6.1 and 6.2 together imply that W, is an equivalence. For odd d = 2k + 1, 5.8 shows
that, up to twists by invertible objects pulled up from S, ¥y, ; is of the form

F— prl,*(przF ® %omﬁQXSM(j, Ogxm) ® pry 0, (—1)).

Since the ideal sheaf ¢ is pseudo-coherent, pr;F may be brought into the s#om-complex; since
u: M — S is an effective Cartier divisor of relative degree 2 in a P!-bundle over S, it has a dualizing
sheaf which is the pullback of a line bundle on S. Therefore, the functor above is, up to invertible
objects from S, isomorphic to

F — som g, (pry . (pry#omg, (F, Oy) ® £), Op(—1)).

This shows that Wy, is obtained from the Fourier-Mukai equivalence of 6.1 and 6.2 upon applying
autoequivalences to the source and target, and so Wy, ; itself is an equivalence. This establishes the
base case of the induction.
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Assume { > 2. By 1.23, which applies thanks to 6.7, it suffices to show that ¥, is an equivalence
after replacing S by an étale cover. Doing so, assume further that & admits a line subbundle .4/, and
let p’: Q" — S be the associated hyperbolic reduction. Then u: M — S is the maximal hyperbolic
reduction of the quadric (2¢ — 2)-fold bundle p’: Q" — S along the regular isotropic (¢ — 1)-bundle
ZF':=F | AN . The constructions of 6.5 then apply to yield, for each integer d, dual spinor sheaves

;" on the quadric bundle pr}: Q" xg M — M

constructed from the tautological isotropic rank ¢ subbundle %’ of u*(A#*/.A4). The inductive
hypothesis implies that the corresponding Fourier-Mukai functor ¥} : D,.(M) — Ku(Q’) is an equiva-
lence. Let : Ku(Q') — Ku(Q) be the equivalence from 6.1. We now show that ¥; and & o \If(’i are
isomorphic as functors D,.(M) — Ku(Q), from which the result follows.

On the one hand, ® o ‘I/(’i is a Fourier—Mukai functor whose kernel, in view of 6.2, is

H = pr1’3,*(pri2j ®pry(0,(1)®p™ (N’ ® L)) ® prz’sya’v) € Dy(Q x5 M),

where ¢ is the ideal sheaf of the incidence correspondence A — Q xQ’ as before. On the other hand,
base change along u: M — S, and view the quadric bundle pr}: Q" xg M — M as the hyperbolic
reduction of pry: Q x¢ M — M along the regular isotropic line subbundle u*.A4" C u*&. Applying 6.1
to this situation thus gives an equivalence

&, Ku(Q' xg M) — Ku(Q xg M).
The tautological incidence correspondence between Q x¢ M and Q" x M is none other than
Axg M =pry3(A) = Qx5 Q' xg M =(Q xg M) xp (Q x5 M),
so its ideal sheaf is pr’{’2 . Comparing with 6.2 then shows that
H =@y (F]Y) €Dye(Q x5 M).

Since 5{1’ V is the d-th dual spinor bundle associated with Z’ = % /A4 on Q' xg M, and ®,; respects
dual spinor sheaves by 6.3, it follows that % = §”dv. Thus ¢ o \chli and ¥, are both Fourier—-Mukai
transforms Dy (M) — Ku(Q) with isomorphic kernels, and so the functors are isomorphic. [ |

In order to apply 1.23, we need to verify that the tautological dual spinor sheaves 3;1\’ are relatively
perfect relative to both factors of Q xg M. That it is M -perfect follows from 5.4, whereas Q-perfectness
can be established by induction using the technique of 6.3:

6.7. Lemma. — In the setting of 6.5, the dual spinor sheaf §’dv is perfect relative to Q.

Proof. Induct on the integer £ > 1. The base case £ = 1 concerns a quadric surface bundle p: Q — S
and by 5.8 and 6.2, ignoring twists by line bundles, the ideal sheaf ¢ of the tautological line
j: A — Q xg M. By the ideal sheaf sequence, it suffices to verify that G,y and j, 0, are Q-perfect.
For the former, observe that first projection factors as

Pri:QxsM = QxsP(6/F)—Q

where the first arrow is a closed immersion, which is regular by the standing assumption on weakly
associated points together with 4.19, and the second arrow is a projective bundle. Thus pr; is a
composition of perfect morphisms, and thus is itself perfect, meaning that 0y, is Q-perfect. For
j« O\, as explained above 6.2, the map A — Q factors as b o j where j is the inclusion of an effective
Cartier divisor and b is a blowup in a local complete intersection closed subscheme. Therefore A — Q
is an local complete intersection morphism in the sense of [Stacks, 068E], and so j, 0, is perfect
relative to Q by [Stacks, 069H]. This establishes the base case.


https://stacks.math.columbia.edu/tag/068E
https://stacks.math.columbia.edu/tag/069H
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Assume £ > 1 and that the tautological dual spinors between a quadric 2(¢ — 1)-bundle and its
maximal hyperbolic reduction is perfect relative to the quadric. Let p: Q — S be a quadric 2{-fold
bundle with maximal hyperbolic reduction u: M — S with respect to a regular isotropic subbundle
Z C & of rank £. The problem is local on S, so pass to an étale cover to assume that & admits a
line subbundle 4 so that the associated hyperbolic reduction p’: Q" — S shares u: M — S as its
maximal hyperbolic reduction along & /A4". The proof of 6.3 shows, using 5.14 and 5.17, that the
spinors of Q x¢ M and Q' x¢ M fit into a short exact sequence

0— F® 0, (1)@ (popr)' LY —prys; | — (i xidy),(b x idy),(a x idy)* &, —0

where .#; . is the Clifford ideal associated with the tautological ({—1)-plane in Q' xgM, i"”: Q" — Qs
the inclusion of the tangent hyperplane section along P4/, a: Q — Q' is a P!-bundle, and b: a - Q"
is the blowup along the vertex P.#4".

The morphism pr;: Q xg M — Q is Gorenstein, so 2.6(i) implies that it suffices to show that %
is Q-perfect, and this would follow from seeing that the second and third terms of this sequence
are Q-perfect. This is true for pr;ﬁd’_l since it is locally free and pr;: Q x¢ M — Q is perfect by the
argument in the base case. As for the term on the right, induction and 2.6(i) together mean that 5’11/_1
is Q’-perfect. Relative perfectness is clearly preserved upon pullback along the P!-bundle a x id,,,
and also pushforward along b x id,; by 1.20. Finally, i”: Q” — Q is the inclusion of a effective
Cartier divisor since it is the tangent hyperplane section along a smooth point, so the pushforward of
a Q"-perfect object yields a Q-perfect object. Together, this completes the proof. [ ]

7. STACK OF SPINOR SHEAVES

The goal of this section is to prove a global version of 6.6, in which the quadric bundle may not
possess a regular isotropic subbundle of maximal dimension. This is achieved in 7.25, wherein a
global incarnation of the maximal hyperbolic reduction is constructed as an open subspace of a
moduli space of spinor sheaves. Much of this section is therefore devoted to a study of the moduli
stack of spinor sheaves on quadric bundles. Throughout this section, unless otherwise specified,
p: Q — S denotes a quadric 2¢-fold bundle with £ > 1 and S; = @.

7.1. Definition and local structure. — Applying the constructions of 5.3 to the tautological rank
¢ + 1 subbundle on F,(Q/S) provides, for each d € Z, a morphism

Cqa:F(Q/S) — bohys

from the relative Fano scheme of £-planes of p: Q — S to the stack of coherent sheaves on Q over S
which sends an £-plane to its associated degree d dual spinor sheaf. We aim to prove:

7.2. Proposition. — The morphism {: F;(Q/S) — 6ohgq s is smooth.

Since smooth morphisms are open, the image of { is an open substack . 4(Q/S) C 6ohgqs: this
is the stack of spinor sheaves of p: Q — S of degree d. Of primary interest is the open substack

My(Q/S) C M4(Q/S)

consisting of spinors locally free away from at most one point in each fibre of p: Q — S; by 5.3, this
is the image of the restriction {: F,(Q/S)° — 60ohgq/s of the morphism {;; to the open subscheme of
F,(Q/S) parameterizing £-planes which fibrewise intersect the singular locus of p: Q — S in at most
one point. Notably, thanks to 6.4, .#4(Q/S) is contained in the open substack s 6ohq /s C 6ohg s of
simple sheaves, and so it admits a coarse moduli space M,(Q/S)—an algebraic space over S—over
which .#,;(Q/S) is a G,,-gerbe.
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The local picture of .#,;(Q/S) can be described as follows: Suppose that p: Q — S admits a family
of (£ —1)-planes L C Q contained in its smooth locus, and let u: M — S be the associated maximal
hyperbolic reduction as in 6.5. Identify M via 4.11 as the closed subscheme of F,(Q/S) parametrizing
{-planes in Q containing L. In fact, M C F,(Q/S)° since an £-plane containing L C Q \ Singp can
fibrewise intersect the singular locus of p: Q — S in at most one point. Then:

7.3. Proposition. — Let y: M — S be a maximal hyperbolic reduction of p: Q — S as above. Then

Calm: M CFi(Q/S)° — 4(Q/S)

is smooth of relative dimension 1, and the composite M — #3(Q/S) — M4(Q/S) is an open immersion.

In general, p: Q — S may not admit a maximal hyperbolic reduction as there may not be a global
family of (£ — 1)-planes contained in the smooth locus. Nonetheless, étale locally on S, the space
M,(Q/S) is covered by opens of the form M as above:

7.4. Lemma. — Let f: T — #43(Q/S) be a morphism from an S-scheme T. Then there exists an étale
covering U — T and a family of ({—1)-planes L C Qy; contained in the smooth locus of py: Qy — U such
that the composite U — T — #4(Q/S) factors through the maximal hyperbolic reduction g : My — U
of py: Qu — U with respect to L:

U — My

|

T s #,Q/9).
Proof. After replacing T by an étale cover, we may assume f factors through {3: Indeed, this is
because, by 7.2, the fibre product T x_,, (q/s) F¢((Q/S)° is a smooth algebraic space over T mapping
surjectively onto T, and so it admits a section after an étale covering. This means that f may be
taken to be the classifying map for the spinor sheaf associated with a family P C Qr of £-planes which
intersects the singular locus of Q; — T fibrewise in at most one point. Since most hyperplanes avoid
a given point, there is an open subscheme G of the Grassmannian G({ — 1, P) — T of hyperplanes in
P — T which is nonempty over every point of T and which parameterizes those (¢ —1)-planes L C P
contained in the smooth locus of Q — T. Since G is smooth over T, replacing T by yet another
étale covering provides a section, whence a family L € Q¢ of (£ — 1)-planes contained in the smooth
locus. Writing My — T for the associated maximal hyperbolic reduction, the containment L C P
means via 4.11 that the classifying morphism T — F,(Q/S)° for P factors through M; € F,(Q/S)°,
from which the result follows. ]

Propositions 7.2 and 7.3 will be proven over the course of the following few paragraphs. We first
treat the special case where p: Q — S is a quadric surface bundle in 7.9 and 7.11, respectively. Then
we reduce to the case of relative dimension 2 using the following, the statement of which only makes
sense after 7.2 is established:

7.5. Lemma. — Let p: Q — S be a quadric 2{-bundle with £ > 1 and let p’: Q" — S be the family of
quadrics of relative dimension 2¢ — 2 obtained via hyperbolic reduction of p: Q — S along a regular
section. Then there is an isomorphism a: M 4(Q'/S) = 4 4(Q/S) fitting into a commutative square

Fr 1(Q'/S) —— #4(Q'/S)

L

F(Q/S) — 74(Q/S),
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where B is the closed immersion of 4.11 and {/;: F_1(Q'/S) — #4(Q’/S) is the tautological degree d
dual spinor morphism of 7.1 associated with p’: Q' — S.

Proof. Embedding the stack of coherent sheaves as an open substack of the stack of complexes as in
2.3, view £, and ¢ 21 as taking values in their respective stacks of complexes. Furthermore, by 5.6,
we may actually view {4 and {/; as taking values in the open substack parametrizing complexes in
the respective residual categories. The morphism a: .# ;4(Q'/S) — .# 4(Q/S) is that induced by the
open immersion from 3.12 coming from the equivalence & of 6.1; that a factors through . ;(Q/S)
and that the square commutes is because ® preserves dual spinor sheaves by 6.3. Since a is an open
immersion, it remains to show a induces a bijection on geometric points. We must now show that a
given spinor sheaf on Q is isomorphic to one defined by a linear space containing the regular section
defining Q’, and this follows from 5.10. [ |

7.6. Stack of spinors for quadric surfaces. — Until 7.12, assume that { = 1, meaning that
p:Q — S is a quadric surface bundle. The standing hypothesis that S; = & is equivalent to the
statement that every geometric fiber Q; is a reduced quadric surface. Begin with a more concrete
description of the morphism {4: F1(Q/S) — %ohs:

According to 5.8, the d-th spinor sheaf corresponding to a flat family of lines is identified with the
corresponding ideal sheaf, at least up to duals and tensoring with a line bundle. Since the derived
dual of a spinor coincides with its linear dual as in 5.5, and since quadric bundles are Gorenstein,
up to automorphisms of the stack € omplexes, /s as in 2.5, this means that the morphism {4 may be
identified with the morphism

Cideal: F1(Q/S) — 6ohq s C ‘€omplexesy s

which on T-points takes a family of lines L C Qy to its ideal sheaf .4}, . Since both statements
7.2 and 7.3 are insensitive to modification by automorphisms of the target, it suffices to prove the
analogous statements for {;4.,;- These proofs are based on the following two computations:

7.7. Lemma. — Let L C Q be an S-flat family of lines with ideal sheaf .#. Then the object
Rp*R%omﬁQ(ﬂ, 0q) € Dyc(S)

is a rank two vector bundle in degree zero. In particular, the sheaf p*%omga(ﬂ , 0g) is a vector bundle
of rank two whose formation commutes with arbitrary base change.

Proof. The statement is local on S, so we may assume that Q C Pg is defined by a section of ﬁpg(Z)
and L = Pé. Grothendieck duality gives

RP*R%O”MQ (£, ﬁQ) = Rp*RﬁfomﬁQ(ﬂ(—Z), ﬁQ(—Z)) =RAomg, (Rp,#(—2), 05)[2].
Twisting and pushing the ideal sheaf sequence for L provides a triangle
+1
Rp*ﬂ(—Z) - Rp*ﬁQ(_z) —Rp, 0y (_2) -
in D,((S), whose long exact sequence in cohomology sheaves reduces to a short exact sequence
0—R'p,0,(—2) — R*p,#,(=2) = R*p,Gp(~2) — 0.

Since the external terms are line bundles by standard computations, this shows that Rp,.#(—2) is a
rank 2 vector bundle in degree 2, yielding the first statement. The underived second statement then
follows from the derived one by 1.21. [ ]
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7.8. Lemma. — Let L C Q be an S-flat family of lines and let 0: S — Q be a regular section of
p:Q—S. Let £ and ¢ be the ideal sheaves of L and o(S) in Q, respectively. Then the object

RP*RﬂomﬁQ(ﬂ:f) € DqC(S)

is a line bundle in degree zero. In particular, the sheaf p.Ftomg, (4, #) is a line bundle whose formation
commutes with arbitrary base change.

Proof. The ideal sheaf sequence for o(S) C Q gives rise to a triangle
Rp,R7tomg, (£, 2)— Rp,R7tomg, (£, 0y) — Rp,R#omg, (#,0.05) =

The middle term was identified in 7.7 as a rank 2 vector bundle in degree 0, and the term on the right
is a line bundle in degree 0 because o is a smooth section (so .# is a line bundle in a neighborhood
of o(S)) and

Rp,Ritomg, (#,0,05) = Ritomg (0".F, 05).
To complete the proof, it suffices to show that the second arrow induces a surjection

p*ﬁfomﬁq(ﬂ, Oqp) — Jfomﬁs(a*j, Os)

of locally free 05-modules on degree 0 cohomology sheaves. Over a geometric point § — S, this is
the evaluation at o(5) map. There is always a line M whose ideal sheaf is isomorphic to that of L;
and such that o(5) € M, and this defines a morphism .% < &, which is not zero after evaluation at
o (3). If Q; has corank 2 and L; is equal to the singular locus, then this is clear because o is a regular
section. Otherwise, L; intersects the singular locus in at most one point and the fact that one can
find such an M follows from the description of lines with the same ideal sheaf as L;, see [Add11,
Section 3]. [ |

We now prove smoothness of {igeq1: F1(Q/S) — 6ohq s via the infinitesimal lifting criterion:

7.9. Proof of 7.2 when { = 1. — We may assume S is Noetherian. Consider a solid commutative
diagram
Spec(R/J) — F1(Q/S)

- /7
l -7 lgideal
-
-

Spec(R) —— %ohqys

in which (R, mg) is an Artinian local ring over S with residue field k and J C R is an ideal such that
mg -J = 0. The task is to construct a dashed arrow making the diagram commute.

Denote by i: Qg/; — Qg the inclusion. The data of the diagram gives an R/J-flat family of lines
L’ € Qg/; with ideal sheaf .#’, an R-flat coherent sheaf Z on Qg, and an isomorphism a : i*% = .9’
Flatness of Q — S means that the ideal sheaf of the closed subscheme Qg/; C Qg is isomorphic to
J ®, Oy, so there is a distinguished triangle

J ®K 0Q;< — ﬁQR — i*ﬁQR/J —J ®K ﬁQK[].]
in the derived category of Qg. The isomorphism a gives rise to a morphism f8: # — i,0,, e The
triangle together with the vanishing of Ext(l2 (#,0,,) from 7.7 over Spec(x) shows that f3 lifts to
a morphism y: & — 0. Applying [Stacks, 046Y], we see that y is injective and has flat cokernel,

which is necessarily the structure sheaf of a family of lines in Qg. This family gives the dashed arrow
of the diagram. ]

Having established smoothness of {;4ea1, define as in 7.1 open substacks

‘ﬁ C‘/?C %OhQ/S
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as the images of F;(Q/S)° and F;(Q/S). Thus T-points of .# consist of sheaves & € 6ohqs(T) such
that Z; is isomorphic to the ideal sheaf of a line on Q; for every geometric point ¢ — T. Similarly,
T-points of 4 are those & such that each Z; is isomorphic to the ideal of a line not contained in
the singular locus of Q;.

Writing % for the universal sheaf on Q x ., the following provides a useful alternative description
of F1(Q/S)° in terms of maps from an ideal sheaf into the structure sheaf:

7.10. Lemma. — 7. : F1(Q/S)° — . factors through an open immersion j: F;(Q/S)° — A(3%)

ideal *

where F€ is the rank 2 vector bundle on # given by

S = przj*%omﬁquﬂ(@/, Ogxgtt)-

Proof. That 5 is a rank 2 vector bundle whose formation commutes with arbitrary base change
may be verified after pullback along the smooth covering (7, : F1(Q/S)° — ./, whereupon this
is the statement of 7.7 for the quadric bundle Q xg F;1(Q/S)° — F;(Q/S)°. Given an S-scheme
T, an object of the fiber category A(#)(T) is a pair (&, ) where & € #,;(Q/S)(T) and ¢ €
I'(T, ,%”omﬁQT (Z,0,,)) = Homg (Z, 0,,), and a morphism (Z, ¢) — (¥,) is an isomorphism
a: F — ¢ such that the diagram

7 T) ﬁQT

l |-

P
g—>ﬁQT

commutes. Consider the open substack ¥ C A(#) parametrizing pairs (&, ¢) with ¢ injective; that
this is an open substack can be seen using [Stacks, 046Y]. The stack ¥ is in fact an algebraic space:
Since .#,;(Q/S) is a G,,,-gerbe by 6.4, étale locally on T, any two morphisms (&, ¢) — (¥,)) differ
by some u € @(T)*. But the only way both a and ua can make the square above commute when ¢
and 1) are injective is if u = 1. Thus ¥ is the algebraic space whose T-points are the set of subobjects
F C Oq, with F € #,;(Q/S), and this is precisely F1(Q/S)°. [ ]

Suppose now that o: S — Q is a regular section of p: Q — S. Let u: M — S be the corresponding
maximal hyperbolic reduction and, as usual, identify M via 4.11 as the closed subscheme of F;(Q/S)°
parameterizing lines through o. This puts us in the setting of:

7.11. Proof of 7.3 when { = 1. — To show that {geqly: M — A is smooth of relative dimension
1, we claim that under the identification from 7.10 of F;(Q/S)° as an open subscheme of the affine
2-space bundle A(3#) — .#, M is an open subscheme of the subbundle on the line subbundle

N = prz’*%om%xyﬂ(“l/,j/ﬂ) C prz’*%omgqxw(%, 0QXSJ/[) =

where ¢ , is the pullback of the ideal sheaf ¢ C 0, of o(S) to Q xg .4 ; that 4 is a line bundle on
M whose formation commutes with arbitrary base change follows from 7.8. Since the structure map
A(AN) — A is smooth of relative dimension 1, this would give the result. With the notation of 7.10,
observe that a T-point (Z, ¢) of A(5#) 2 F1(Q/S)° is in the locally closed subscheme M if and only
if ¢ is injective and the composition

9 i 0QT - O-T,*ﬁT

is zero. Equivalently, this means that ¢ is injective and factors through the ideal sheaf ¢ C G, of
o1(T) € Qr. The latter condition defines the subbundle A(.4") C A(s#) and the former condition, as
before, is an open condition on ¢, proving the claim.

For the remaining statement of 7.3, observe that G,, acts on the line bundle 4" with weight —1,
and this means that ./ is, in fact, a trivial G,,-gerbe: see 1.13. Furthermore, its G,,-rigidification
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may be identified as the complement of the zero section of A(4"). The same is true for the G,,-gerbe
given by the open substack {;qeq(M) € . The previous paragraph now shows that the complement
of the zero section of A(A") x_, Cigea1(M) is the maximal hyperbolic reduction M—the space of ¢ is
1-dimensional, so ¢ is injective if and only it is nonzero!—from which the result follows. [ ]

7.12. Stack of spinors in general. — Having established the surface cases, we now prove 7.2 and
7.3 for quadric 2£-fold bundles p: Q — S with £ > 1. Smoothness of {, is established via induction
on dimension together with, once again, the infinitesimal lifting criterion:

Proof of 7.2. View {; as a morphism F;(Q/S) — 6 omplexesy,(q)s as is possible by 5.6. Proceed by
induction on £ > 1. The base case { = 1 handled in 7.9. So let £ > 1 and assume that 7.2 holds for
all quadric bundles of relative dimension 2(¢{ —1).

We may assume S is Noetherian. Consider a solid commutative diagram

Spec(R/J) ———— F;(Q/S)
(x%) l /2/’/7 lld

P
>

Spec(R) —— 6 omplexesy,(q)/s

in which (R, mg) is an Artinian local ring over S with algebraically closed residue field k and J C R is
an ideal such that my -J = 0. The task is to construct a dashed arrow v making the diagram commute.

The morphism t corresponds to a flat family L C Qg/; of £-planes. The standing assumption that
S3 = @ means that the singular locus of Q, has dimension < 1. Since L, has dimension £ > 1, there
exists a point x € L,(x) not contained in the singular locus of Q,.. Then since L is smooth over
R/J, there exists a section & of L — Spec(R/J) whose restriction to Spec(x) is x. Moreover, since
p:Q — S is smooth at x, there is a section o of pg: Qg — Spec(R) extending &. Then o is a regular
section of Qg over R, the associated hyperbolic reduction Q' is a quadric 2(¢ — 1)-fold bundle over
R, and L induces a flat family L’ ¢ Q’,, of (¢ —1)-planes. This provides the morphism t’ in the
commutative diagram

/
R/J

Spec(R/J) — F;_1(Q'/R) — € omplexesy,ory/r

\ s cd Js

F,(Qg/R) — 5 % omplexesKu(QR) /R

where {; and ¢ :1 are the morphisms from 7.1; B is the closed immersion coming from the identification
from 4.11 of (£ — 1)-planes on Q" with £-planes on Qg going through o; a is the open immersion
3.12 coming from the equivalence of 6.1; and that the square commutes follows from 6.3.

The two commutative diagrams together show that u: Spec(R) — € omplexesyyq,)/r restricted to
the closed subscheme Spec(R/I) may be written as

/ /
ulSpec(R/I) = gd ot=ao Cd ot'.

Since a is an open immersion and Spec(R) and Spec(R/I) have the same support, u uniquely factors
through a, providing a morphism u’: Spec(R) — ¢ omplexesy, o,z Whose restriction to Spec(R/J)
is the composition ', o t'; in other words, t" and u’ together fit into a solid diagram as in (x+) for Q'.
By induction, { :i is smooth, and so there exists a morphism v’: Spec(R) — F,_;(Q’/R) filling in the
corresponding dashed arrow. It is now straightforward to see that v := o v’: Spec(R) — F,(Q/S)
fits as a dashed arrow making the square (x*) commute. [ ]

Suppose now that p: Q — S admits a family L C Q of ({ — 1)-planes contained in its smooth locus,
and let u: M — S be the associated maximal hyperbolic reduction.
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Proof of 7.3. The statements may be verified étale locally on S, so passing to a cover, we may
additionally assume that L contains a flat family L’ C L of ({ —2)-planes. Hyperbolic reduction along
L’ yields a quadric surface bundle p’: Q" — S. The {-plane L induces a regular section of p’ and,
by comparing functors of points using 4.11, the assoicated maximal hyperbolic reduction may be
canonically identified with u: M — S. Now, iteratively applying 7.5 shows that {4l = ao /|y
where a is the isomorphism .#,;(Q’/S) = .#,(Q/S) induced by the equivalence 6.1. In this way, the
result is reduced to the surface case, which was established in 7.11. |

7.13. Coarse moduli space. — As already mentioned following 7.2, .#,;(Q/S) consists of simple
sheaves by 6.4 and is therefore a G,,-gerbe over an algebraic space M;(Q/S) which we will refer
to as the coarse moduli space of spinors on p: Q — S. By 7.3 and 7.4, étale locally on the source
and target, M;(Q/S) — S is identified with a maximal hyperbolic reduction of p: Q — S. In fact,
away from S,, the morphism M;(Q/S) — S is isomorphic to a maximal hyperbolic reduction étale
locally on the target. Over geometric points of S, on the other hand, a maximal hyperbolic reduction
provides one of the two connected components:

7.14. Lemma. — The fibre of My(Q/S) — S over a geometric point § — S is isomorphic to
sus fs—>S\Sy,
M4(Q/S)s = < Slel if§ — S;\S,, and
PILUP! if5—S,.

If u: M — S is a maximal hyperbolic reduction of p: Q — S, then the morphism { 4|p: M — My(Q/S)
is an isomorphism over S \ S,.

Proof. The statement is local on S, so assume that p: Q — S admits a maximal hyperbolic reduction
u: M — S. By 7.3, the morphism {4|,, is an open immersion. So for the statements away from S, it
remains to see it is surjective on geometric points. On the one hand, the geometric fibresof u: M — S
have cardinality 2 over points of S \ S;, and 1 over points of S; \ S,. On the other hand, the fibres of
M,;(Q/S) — S away from S, are O-dimensional by 7.3, and its geometric fibers have cardinality at
most 2 over points of S \ S; and at most 1 over S; \ S, since they are surjected on respectively by the
Fano scheme of a smooth quadric 2¢-fold and a corank 1 quadric 2¢-fold. Together, this implies that
{ 41 must be surjective on geometric points away from S,, as desired.

To analyze geometric fibres over S,, apply 7.5 to reduce this to the case of a quadric surface
bundle, at which point the problem is to show that if Q is a reducible, reduced quadric surface over an
algebraically closed field k, then M;(Q/K) is a disjoint union of two projective lines. Since M4(Q/Kk)
admits a surjection from

F1(Q/K)° =P} \ {pt} U P} \ {pt}

by construction, it too has at most two connected components. Recall from 7.6 that this surjection
may be identified with the morphism (%, ., which takes a line to its ideal sheaf. This implies that the
images of the two connected components of F;(Q/k)° are disjoint: The ideal sheaf of a line on one
irreducible component of Q cannot be isomorphic to the ideal sheaf of a line on the other. Since the
images are open by 7.2, M;(Q/k) must have exactly two connected components and they consist of
ideal sheaves of lines on the respective irreducible components of Q.

Finally, let M be the hyperbolic reduction of Q with respect to a smooth point on an irreducible
component W C Q. It now suffices to show that the open immersion

Cideallm : M =Pl — My(Q/k)



54 RAYMOND CHENG AND NOAH OLANDER

of 7.3 surjects onto the connected component parametrizing ideal sheaves of lines on W. This follows
from the fact that the ideal sheaves of two lines on the reducible quadric Q which are not equal to
the singular locus of Q are isomorphic if and only if they lie on the same irreducible component and
have the same intersection point with the singular locus. See [Add11, Section 3]. [ ]

These arguments show that, if p: Q — S admits a maximal hyperbolic reduction u: M — S, then
the base change of the morphism M — M;(Q/S) of 7.3 to a geometric point of S, is the inclusion of
one of two connected components of P! LIP'; moreover, this means that M;(Q/S) is in general not
separated over S if S, # & as points over S\ S, can specialize to points of both connected components
of a geometric fiber over a point of S,. We aim to construct an open subspace of M;(Q/S) which is
étale locally on the base isomorphic to a maximal hyperbolic reduction. Toward this, observe that the
restriction of M;(Q/S) — S to S, factors through the canonical double cover S, — S, of the corank 2
locus provided by 4.12, separating the two projective lines in the fibre. More precisely:

7.15. Proposition. — Assume that p: Q — S satisfies S = Sy scheme-theoretically and S; = @.
Then the structure morphism My4(Q/S) — S factors through the canonical étale double cover § — S
constructed in 4.12. Furthermore, M4(Q/S) — S has geometrically connected fibres.

One way to prove this might go as follows: Generalizing [Add11, Lemma 6.1 and Proposition 6.2],
the spinor sheaf #; associated with an isotropic family of £-planes in Q — S, fibrewise intersecting
the singular locus at a single point, has a unique simple Clifford submodule isomorphic to the spinor
associated with the corresponding family of (£ + 1)-planes. Let Q — S be the smooth quadric bundle
of relative dimension 2¢ —2 obtained by projecting away from the radical. An analogue of 5.17 shows
that this determines a spinor bundle on Q, thereby producing a morphism .#,;(Q/S) — #4(Q/S).
Passing to coarse moduli spaces and comparing with 4.12 would then give the result.

Rather than pursuing this route, we prove 7.15 directly by observing that S, parameterizes
geometric connected components of the fibres F,(Q/S)° — S over S,, and that the morphism
F;(Q/S)° — M4(Q/S) induced by 4 reflects connected components as it has geometrically connected
fibres. We begin with a series of general results, cumulating in a rigidity lemma 7.19, from which we
may directly deduce 7.15.

7.16. Lemma. — Let f : X — S be a continuous map of topological spaces. Assume that f is open, S is
connected, and the fibers f ~1(s) C X are connected. Then X is connected.

Proof. Since S # @ and each fiber of f is non-empty, X # @. Suppose U C X is a non-empty open
and closed subset. Then V := f(U) C S is open and non-empty, and for s € S we have

sEV <= f[TIO)NUAQ < fI5)CU < s& f(X\U)

since f~!(s) is connected. Thus V = S\ f(X \ U) is closed and open, so V = S. Applying the
equivalences again shows that f~(s) C U for all s € S, hence U = X. ]

7.17. Lemma. — Let f,g: X — Y be morphisms of algebraic spaces over an algebraic space S. Assume
that X is connected, Y is separated and étale over S, and that there is x € |X| such that f (x) = g(x) € |Y].
Then f = g.

Proof. The hypotheses on Y mean that the diagonal Ay:Y — Y XY is both an open and a closed
immersion. Thus U := (f,g) !(Ay) € X is an open and closed subspace containing the point x, and
so U = X by connectedness. This implies f = g. [ ]
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7.18. Lemma. — Let p: X — S and q: Y — S be morphisms of algebraic spaces. Assume p is flat,
finitely presented, and has geometrically connected fibers. Assume q is separated and étale. Then any
morphism f: X — Y over S is of the form m o p for some unique section 7 of q.

Proof. Uniqueness of 1 follows from the fact that X — S is flat, surjective, and finitely presented
since Y is a sheaf for the fppf topology. For existence, it suffices to show that the two morphisms
fopr;: X xgX — Y are equal. For this, one reduces to the case when S is the spectrum of a local ring,
hence connected. Then X x¢ X is connected by 7.16: X x¢ X — S is open since it is flat and finitely
presented, and has connected fibers since the product of geometrically connected spaces of finite
type over a field is geometrically connected. Now, for any x € |X|, there is a point (x, x) € |X xg X|
and f opr; and f o pr, agree on this point, so by 7.17, the two morphisms are equal. ]

7.19. Lemma. — Let S be an algebraic space. Let f : P — X be a morphism of algebraic spaces over S
which is flat, finitely presented, and has geometrically connected fibers. Let Y — S be a separated, étale
morphism of algebraic spaces. Then any S-morphism h: P — Y factors through uniquely through X.

Proof. We must show that there is a unique S-morphism g: X — Y such that h = g o f. Consider the
X-morphism (f,h): P — X xg Y. Then the data of g is equivalent to a sections: X — X xg Y of pry
satisfying (f,h) =so f. Replacing S by X, Y by X x5 Y, and X by P then reduces thisto 7.18. ®

Proof of 7.15. Consider the Fano incidence correspondence

Fr41(Q/8)" = {([P ], [Prs1]) € F(Q/S)° x5 Fy41(Q/S) : Py € Pyys }

parameterizing flags of £- and (£ + 1)-planes in the corank 2 quadric 2£-fold bundle p: Q — S.
First projection maps this isomorphically onto F,(Q/S)°: Indeed, as in the argument of 4.12, the
(£ + 1)-plane P, contains Sing p, so it may be uniquely determined as the span of Sing p and the
{-plane P,—note that P, intersects the singular locus in exactly one point in each fibre, and that
this works in families follows from 4.13. Identifying F,(Q/S)° with the incidence correspondence
provides a morphism F,(Q/S)° — F,,1(Q/S), and hence a commutative diagram of solid arrows:

F(Q/S)” —— Ma(Q/5)

d -
-
-
-
-
~
-

~

S —— S.

We seek to show that there is a morphism M, (Q/S) — § filling in the dashed arrow and making the
diagram commute. This would follow from 7.19 upon verifying that {} has geometrically connected
fibres, and this reduces to the situation where S is the spectrum of an algebraically closed field k.
The arguments of 7.14 show that points of M;(Q/k) correspond to a choice of connected component
of F;(Q)° and a point x € SingQ. Furthermore, the fibre of {} over consists of {-planes in the chosen
connected component which intersects Sing Q precisely at x. Thus it remains to show that

F(Q;x)° :={[P]€F)(Q): PN SingQ = {x}}

has just two connected components. But projection from the singular locus identifies this with
F;_1(Q), where Q is the smooth quadric (2¢ — 2)-fold at the base of the cone over SingQ, and the
latter has two connected components. [ ]

7.20. Choosing a family of spinors. — The discussion of 7.14 shows that in order to construct a
space locally isomorphic to a maximal hyperbolic reduction of p: Q — S out of M4(Q/S), we must
be able to consistently choose one of the two connected components in the fibres over the corank 2
locus S,. This is possible precisely when the double cover S, — S, splits.
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Consider this case, and suppose o: S, — 3, is a section of the double cover S, — S, from 4.12.
Pulling back the morphism M;4(Q/S)|s, — S, from 7.15 along o produces a closed subspace of
M,;(Q/S) whose open complement

M, = Mg(Q/S)\ (S3 % 5, Ma(Q/S)ls,)

we shall see is separated over S. Note that here S, = 0(Sy)[ ] T where T is the image of the
complementary section, so the fiber product above is simply the preimage of the closed and open set
o(S,) c§,.

7.21. Maximal hyperbolic reduction and sections. — One situation in which S, — S, splits is
when p: Q — S carries a regular isotropic ({ — 1)-bundle PZ. Let u: M — S be the associated
maximal hyperbolic reduction, as in 6.5. Consider the closed subscheme

Z :={[P]€F1(Q/S)ls, : PF|s, C P}

parameterizing isotropic (£ + 1)-planes over S, containing the restriction of P#. Then 4.11 identifies
Z as the scheme of lines of M — S restricted to S,: this implies that the map Z — S, is an isomorphism.
Post-composing the inclusion of Z with the map Fy,1(Q/S)|s, — S, from 4.12 arising from the Stein
factorization provides a section S, 57 S,. Call the complementary section o : Sy — Ss.

This situation thus provides two distinct ways of obtaining open subspaces of M;(Q/S): On the
one hand, the maximal hyperbolic reduction u: M — S canonically embeds as an open via 7.3 and
7.14. On the other hand, the section o : S, — S, provides an open subspace M,, via 7.20. The two
methods produce the same open subspace:

7.22. Lemma. — The open immersion M — M;(Q/S) provides an identification M = M,,.

Proof. The two opens agree away from the corank 2 locus by 7.14, so we may assume p: Q — S is
everywhere of corank 2. In this situation, § & o(S) LU Z decomposes as a disjoint union of the two
sections over S, and the open subspace corresponding to the section ¢ is taken in 7.20 to be

M, :=My(Q/S) x5 Z.

As explained in the proof of 7.15, the structure map F,(Q/S)° — S factors through S, meaning it
has two connected components over S. The embedding of 4.11 identifies M as the closed subscheme

M = {[P]€F)(Q/S)°:PZ C P}

and so, comparing with the definition of Z C F,,;(Q/S) from 7.21, the composite map M — § factors
through Z. This implies the result. ]

Write ./ for the restriction of the G,,-gerbe .#,;(Q/S) — M4(Q/S) to the open M, C My;(Q/S).

7.23. Corollary. — There is an equivalence M x BG,,, = . such that, under the associated equivalence
(M xBG,;) xs Q= A, x5 Q,

the universal degree d dual spinor sheaf §ZdV on the right hand side corresponds to the degree d dual
spinor sheaf ,SWdV associated to the tautological family of {-planes in M xg Q placed in G,,-weight one.

Proof. By its definition, the open immersion M — M,;(Q/S) with image M, factors through the
morphism M — .#,(Q/S) for which the pullback of &, along M x5 Q — .#4(Q/S) x5 Qis &#,’. By
general properties of gerbes, M — .#;(Q/S) factors as M — M x BG,, — #4(Q/S) where the first



DERIVED CATEGORIES OF QUADRIC BUNDLES AND MODULI STACKS OF SPINOR SHEAVES 57

morphism is the tautological section and the second induces the identity on autormorphism groups,
see [Stacks, 06QG]. Thus there is a commutative diagram

M x BG,, = My

1|

M;Ma

The sheaf ,S;dv on ./, has G,,-weight one, and so it corresponds to an object of G,,-weight one under
M x BG,, = ., ¢ Q since this equivalence induces the identity on bands. Since the pullback of the
corresponding object under the tautological section M — M x BG,, is de, the result follows. ]

7.24. Main result. — We now arrive at the main result of this section, which geometrically identifies
the Kuznetsov component of a quadric bundle of even relative dimension in a rather general setting.
The description is explicit in the sense that the algebraic space M, below is, by 7.22, étale locally on
S isomorphic to a maximal hyperbolic reduction of Q — S. In particular, M, — S is proper, finite
locally free over S\ S, and a P!-bundle over S,, with geometric fibres isomorphic to two points over
S\ 'Sy, Spec(k[e]) over S; \ S,, and P! over S,.

7.25. Theorem. — Let p: Q — S be a quadric bundle of relative dimension 2{. Assume that:
) S3=2;
(ii) S, contains no weakly associated points of S; and
(iii) the étale double cover 5, — S, splits.

Then each section o : S, — S, provides an open subspace M, € M4(Q/S), a Brauer class 3 € Br(M,),
and an S-linear equivalence
@5 : Dge(My, ) = Ku(Q).

Proof Fix a section o: S, — S, and let M, be the open subspace of M;(Q/S) constructed in 7.20.
Restricting the coarse moduli map .#;(Q/S) — M;(Q/S) yields a G,,-gerbe %, — M,,. Let yziv
be the universal d-th dual spinor sheaf on Q xg .#, and consider the associated Fourier—-Mukai
functor ®: Dy(#,) — Dyc(Q). As recalled in 1.11, the derived category of .#, decomposes into
homogeneous components

~ ~ k
ch(-/ﬂa) = l_[kez ch,k(-/ﬂa) = l_[keZ ch(MU’/j )

where 3 € Br(M,,) is the Brauer class associated with the G,,-gerbe %, — M.

We claim that the restriction ®_;: Dy(M,, BH - Dyc(Q) of @ to the weight —1 component
induces an equivalence onto the subcategory Ku(Q). By 1.23, it suffices to check this upon passing
to an étale cover of S. Doing so, we may assume that .#,, is identified with M x BG,, with M a
maximal hyperbolic reduction of p: Q — S as in 7.21 and 7.22. By 7.23, under this equivalence,
the kernel 56\{ corresponds to the d-th dual spinor sheaf 5’;1\/ on Q xg M, given G,,-weight one. It
therefore follows from 6.6 that this object induces the sought-after equivalence

ch,—l ('/ﬂcr) — Ku(Q). |

7.26. On the hypotheses. — Theorem 7.25 says that, along with the usual assumptions on the
quadric bundle p: Q — S, once it is possible to consistently choose one of the two families of spinor
sheaves over the corank 2 locus—precisely, if the canonical étale cover S, — S, splits—then there is a
Fourier-Mukai equivalence & : Dy.(M, ) — Ku(Q). This is, of course, always possible étale locally
on S, wherein M, may be identified with a suitable maximal hyperbolic reduction of p: Q — S by
7.14 and 7.22; moreover, the equivalence ®,, is locally isomorphic to the Fourier-Mukai equivalence
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defined by the kernel featured in 6.6. The hypothesis 7.25(iii) turns out to be essentially necessary
for a result of this form: in the setting of the Theorem, if for some étale cover of S, the local maximal
hyperbolic reductions and kernels glue and descend to an algebraic space M — S and equivalence
Dye(M, B) — Ku(Q) for some f§ € Br(M), then the double cover S, — S is necessarily split:

7.27. Proposition. — Let p: Q — S be a quadric 2¢-fold bundle with S; = @ and S, containing no
weakly associated points. Suppose there exists
(i) an algebraic space Y — S, a G,-gerbe % — Y, and an object K € Dy 1(% x5 Q);
(i) an étale cover {U; — S}, maximal hyperbolic reductions u;: M; — U; of py.: Qu, — U;, and
objects K; € Dye(M; Xy, Qy,) as in 6.6; and
(iii) equivalences %; = M; x BGy, over U; under which Ky, corresponds to K; with G,-weight one.

Then the étale double cover S, — S, admits a section.

Proof. The object K € Dy 1(% Xg Q) induces an S-morphism % — .#,4(Q/S) since this is true locally
by (ii) and (iii). This induces an S-morphism ¥ — M;(Q/S) of G,,-rigidifications. Over S,, post-
composing this with the morphism from 7.15 provides a morphism f: Y xg S, — S,. Since each
M; — U; is a Pl-bundle, Y x5 S, — S, is a Brauer-Severi space of relative dimension 1 and, in
particular, has geometrically connected fibres. Thus the rigidity lemma 7.18 applies with f to show
that 5, — S must admit a section. ]

7.28. Example. — The étale double cover S, — S, often will not split when dim S, > 1, suggesting
that the Kuznetsov component of quadric bundle over fourfolds, for instance, may not be twisted
geometric. When dim S, = 0, the cover also might not split for arithmetic reasons: let S := All{ be the
affine line with coordinate t, and consider the quadric surface bundle over S given by

Q:={(xp:x; :xzzxg)ePg:tx0x1+x§+x§=O}.

Then S, C S is the closed subscheme t = 0, and the canonical double covering S, — S, from 4.12 is
the Fano scheme of planes in the real quadric surface xg + x% = 0. It is straightforward to see that
this is isomorphic to the non-split étale cover SpecC — SpecR. ]

8. COMPLEMENTS AND APPLICATIONS

In this section, we sketch applications of our results to the derived categories of intersections of
quadrics and cubic fourfolds containing a plane over a base field k of arbitrary characteristic p > 0.
We phrase the results in terms of their bounded derived categories Dljoh of coherent sheaves; that
our results imply corresponding results in this setting may be deduced by adapting the arguments of
[BS20, Theorem 6.2]. Both examples are classical and well-studied, but our results allow us to give
uniform statements and proofs for general k, some of which are new even for p = 0.

8.1. Discriminant algebra and cover. — Following [Knu91, IV.4.8], associated with any quadric
bundle p: Q — S is a graded locally free commutative 0s-algebra Zisc(&,q) called its discriminant
algebra. This comes with a canonical &;-algebra morphism

Y: 9isc(&,q) — CL(E,q).

For the universal quadric in P, this is constructed as the commutant of the Clifford algebra relative to
its even subalgebra. In general, Zisc(&, q) is pulled back from the universal case, using the fact that
the pair (2isc(&, q), 1) is functorial for isometries of quadratic forms over S: see [Knu91, IV.4.4.8.10].

The discriminant algebra behaves differently depending on the parity of rank, (£). We focus on
the case & has even rank 2{ + 2, wherein [Knu91, IV.4.4.8.5] implies that the 0-th graded component
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is a locally free ds-module of rank 2 fitting into a short exact sequence
0 — O — Discy(€,q) — det(&) ® £V - 0.

The morphism vy: Qiscy(&,q) — CLy(&,q) factors through the centre Z(Cly(&,q)) of the O-th
Clifford algebra: compare with [Knu91, IV4.4.8.1] and [BK94, Theorem 3.7(ii)]. Furthermore, when
S is regular and (&, q) is generically nonsingular, then v, provides an isomorphism Ziscy(&,q) =
Z(Cly(&8,q)): see [Knu91, IV4.4.8.3]. In any case, the spectrum

Disc(Q/S) := Spec Ziscy(&,q)

shall be called the discriminant cover of S associated with p: Q — S.

8.2. — An explicit presentation of Ziscy(&,q) is available locally on S. When the short exact
sequence in 8.1 splits, there is a generator z of Ziscy(&, q) satisfying

Pisco(8,q) = 0s[2]/(z* — Bz +7)

for some sections f: 05 — det(&Y) ® ¥®*! and y: 05 — det(&Y)®2 ® ¥®%+2. These sections may
be explicitly expressed when & = @1.2561 &; furthermore splits into a sum of line bundles: Decompose
the section s;: 05 — Sym?(&Y) ® & corresponding to the equation of Q in P& from 4.1 as

n
5¢ = Zi:o Eit Zos‘qs:q Eij

where &;: 05 — é”iv’®2 ®ZLand§;;: 0 — &'® é”jv ® £. Let T be the set of fix-point free order 2
permutations on the set {0,1,...,2¢ + 1} and, for each element T = (tq, t1)- - (tgy, top,) Written as
a product of disjoint transposition with ty; < tg;q, write £ =&, . - &y, r,,,,- With this notation,
[Knu91, IV4.4.8.5] gives

B=2, . sign(0)E: and y=Ao . Ex )

where A is a universal integral polynomial characterized by the equality 2 —4A = (—1)" det(b,);
observe that f§ is the Pfaffian of the antisymmetric matrix determined by the &; ;. For example,

B=—Eyand A=¢&y&; whenl=1,and f =&,1853—E0281,3+E0,381,2 and

A=—4E,E1E5E5+ 50515%’3 + 50525%’3 + 50535%’2 + 51525(2),3 + 51535(2),2 + 52535(2),1
—&081,281,3823 81802823823 —€280,180,381,3—€380,180,2812F E0,180381,2823

when £ = 2. When 2 is invertible on S, the coordinate change z — z + % p identifies Disc(Q/S) with
the usual cyclic double cover of S branched along the discriminant divisor of p: Q — S.

The discriminant cover is intimately related to the moduli of spinor sheaves as in §7. The following
two statements generalize [ABB14, Proposition B.5]:

8.3. Lemma. — Let p: Q — S be a quadric 2{-fold bundle with S; = &. There are canonical
S-morphisms #;(Q/S) — M4(Q/S) — Disc(Q/S).

Proof. Construct an S-morphism .#,;(Q/S) — Disc(Q/S) as follows: Let ti: .#3(Q/S) — S be the
structure morphism and S”dv the universal spinor on Q xg #,;(Q/S). We claim that the morphism
Y provides ,5/;\’ with a priu* Ziscy(&,q)-module structure. For this, it suffices to show that left
multiplication by the discriminant preserves the image of the Clifford multiplication map ¢4 appearing
in the defining presentation of the spinor sheaf in 5.3. This follows from the universal formula for
image 2, := Yo(z) in Z(CLy(&, q)) of the nontrivial generator of the discriminant algebra together
with the formulae in [Knu91, IV.4.8.5 and IV.2.3.2], which imply that for any local section x of &,
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2o+ X = X - (b —2z) for some local section b of Cly(&,q). This module structure now provides a
morphism of sheaves of algebras

pryi* Disco(6,q) — %Omﬁst,ﬂd(Q/s)('Ziv’ 5’;1\/).

Since spinors are simple here by 6.4, the target is the structure sheaf. Adjunction for pr, provides a
map U* 9isco(€,q) — O 4,(qys) of algebras and thus an S-morphism .#,4(Q/S) — Disc(Q/S). The
universal property of the coarse moduli space map then provides M;(Q/S) — Disc(Q/S). ]

The coarse moduli space of spinor sheaves matches with the discriminant cover whenever the
quadric bundle p: Q — S has at worst corank 1 fibres:

8.4. Lemma. — If S, = @, then the map M4(Q/S) — Disc(Q/S) is an isomorphism.

Proof. Having constructed a canonical S-morphism M;(Q/S) — Disc(Q/S) in 8.3, whether it is an
isomorphism is a question local on S. Replacing S by an fppf cover, we may assume that

14
Q= {(To DTyt Tagen) €PFH g T = BToTy + 1117 +Zi:1 T5iTyipq = 0}
for some f3,v,, 71 € H(S, 05). Maximal hyperbolic reduction along PW :=V(T;, Ts, ..., Tyy,1) may
be identified with the quadric bundle
M ={(Ty: Ty) €PL : yoTZ—BToTy +y,T? =0}

Since S, = @, My(Q/S) = M by 7.14, and so it remains to show that the resulting morphism
M — Disc(Q/S) is an isomorphism.

For each 0 <i <2/ + 1, let ¢; be the i-th basis vector of & = 05692“2 dual to the coordinate T;. By
[Knu91, IV4.4.8.5], the generator z of Ziscy(&,q) maps, up to a sign, to

14
Z 7 ege _ﬁ(ZiZI 621621+1) +E€Cly(8,9)

where every term in E involves > 4 basis vectors and contains e,; for some 1 < i < {. By its

construction in 8.3, the map M — Disc(Q/S) is determined by the action of z on the universal sheaf
ydv on M x¢ Q corresponding to the tautological £-plane

PH :={((To: T1),(Tog: Ty : Tp:0:+: Ty :0) EM x5 Q: yoTZ — BToTy + 7, T2 =0}.

Since the image of z lies in the centre of C{y(&,q), its action on 5{1\/ is determined by its action on
the generator det # of the corresponding Clifford ideal, as in 5.2. Then

z-det#W =z-(Tyeg+ Tre) AdetW = eqe; - (Toeg + Tyeq) AdetW
= ((YITI _ﬂTO)eo _YOTOel) AdetW

Since the equation of M implies —y To2 = (y,T; — BTy)T;, the action of z on det # may be locally
expressed on the standard open cover D, (T;) UD,(Ty) of M C P; as
—YoToT; Vdetw on D, (T;), and
z-detW = 1
(Y].T]. +ﬁTO)TO_ T]_ detW on D+(T0)

By 8.5, these scalars locally represent the generator of u, &,,. Therefore the map Ziscy(&,q) — u,. Oy
between locally free rank 2 0s-algebras matches the generators, so it is an isomorphism. [ ]

The following gives an explicit description of the relative coordinate algebra of a family of quadrics
of relative dimension 0. Note it holds even when there may be some corank 2 fibres.
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8.5. Lemma. — Let u: M — S be cut out in P}g by a regular section v, TO2 —BToT; + 74 le. Then
Oy = 0[2]/(z* — Bz +vo71)

as a free rank 2 Os-algebra. A global section Z: 0y, — Oy representing z may be locally given by

’ {YoToTl_l on D,.(T;), and
D.(T;) = -
" (BTo—711TT1i Ty on D(Tp).

Proof Compute u, &y, using the Cech complex for the standard open cover P; =D, (T;) UD,(Ty):

Os[s1/(vos* — Bs +711) x Os[t]/(yo— Bt + 1) = Os[s,s 7 1/(vos* — Bs +711)

where s := T, T_1 t := T, T, ", and the differential is (f(s), g(t)) — f(s)— g(s71). The element
Z:=(yos,B—711 t) lies in the kernel, so defines a section z: 05 — u,0y. A direct computation shows
that 22 — % + yoy; = 0, and so z satisfies the same relation.

It remains to see that 1 and z freely generate u, 0y, as an 0s-module. By the short exact sequence

0— 05— u, 0y — Rlﬁ*ﬁp;(—z) -0,

we must show that z maps to a generator of R'rt, 6’1,; (—2). The boundary map is computed by viewing

Z =(yos, B —7v1t) as a local section of 01,;, applying the Cech differential to obtain the element
Yos =B +r1t=(roTg —BToT1 +11T) - — ToT,
1

and dividing out the equation y, TO2 —BTTy + 71 le of M in P;. This means that z maps to the
generator 1/T,T; of Rl, ﬁpé , as desired. ]

8.6. Intersection of quadrics. — As a first application of our results, consider a complete intersection
X c P?*! of m even-dimensional quadrics over an arbitrary field k. Write p: Q — P™! for the
corresponding family of quadrics over the associated linear system. Whenever n + 2 > 2m, Kuznetsov
gives in [Kuz08, Theorem 5.5] a semiorthogonal decomposition

DP, (X) = (Ku(Q), (1), G¢(2), ..., Ox(n+2—2m))

where Ku(Q) is the Kuznetsov component of the quadric bundle p: Q — P™! as in the Introduction.
Combined with 7.25, this shows that the Kuznetsov component of the intersection of at most 4
quadrics is twisted geometric:

8.7. Proposition. — Let X C P**1 be a complete intersection of m < { + 1 quadrics with corresponding
quadric 2¢-fold bundle p : Q — P™ L. Assume that X and Q are smooth over k.

(1) If m = 2, then there is a semiorthogonal decomposition
DY,(X) = (DL (C, @), 0y (1), O (2), ..., Ox (2L —2))
where C is a smooth curve with a finite flat map C — P! of degree 2 and o € Br(C).
Assume henceforth that k is algebraically closed and p : Q — P™! has finitely many corank 2 fibres.
(ii) If m = 3, then there is a semiorthogonal decomposition
DL, (0) = (D2, (S, @), 6(1), 6 (2). ..., 6 (20 — 4))

where S — P? is a proper generically finite morphism of degree 2 from a smooth projective surface
and a € Br(S).
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(iii) If m =4 and p: Q — P has no corank 3 fibres, then there is a semiorthogonal decomposition
D2,(X) = (D, (M, @), 6 (1), 6x(2), ..., 05 (2( — 6))

where M — P is a proper generically finite morphism of degree 2 from a smooth proper algebraic
space and a € Br(M).

Proof Smoothness of X implies that the corank > m locus of p: Q — P™! is empty. Combined with
the assumptions, it is straightforward to see that the hypotheses of 7.25 are satisfied, whereupon the
decompositions in each case follow from the discussion of 8.6.

Regarding the geometric properties: Smoothness of Q implies smoothness of each of C, S, and M.
When m = 1, C — P! is flat because p: Q — P! has no corank > 2 fibres or simply because C and P*
are smooth curves, C is a scheme by [Stacks, 0OADD]. Finally, when m = 2, S is a scheme by a result
of Artin in [Art73, Théoréme 4.7]. [ |

8.8. Remarks. — A few remarks regarding this are in order:

— Bertini’s theorem shows that the geometric hypotheses in 8.7 hold for general p: Q — P™ L,

— When chark # 2, smoothness of Q implies that the general fibre of p: Q — P™! is smooth.
In particular, each cover of P™! is generically étale. However, when chark = 2, it is possible
that every fibre of p: Q — P™! has corank > 1, in which case the covers of P™"~! would be
generically purely inseparable. Examples of this nature do occur.

— 8.7(ii) improves on [Xie23, Proposition 6.5] and verifies expectations remarked there.

— 8.7(iii) generalizes [Add09] from the complex numbers to any algebraically closed field.

— The algebraic space M appearing in 8.7(iii) may sometimes be non-schematic, and this can
sometimes be verified explicitly: see [CPZ25, Proposition 3.12] for an example.

— The methods here may be adapted to study families of complete intersections of quadrics, as
considered already in [ABB14, §5].

8.9. Cubic fourfolds. — As a second application of our results, consider a smooth cubic fourfold
X C P° over an algebraically closed field k of arbitrary characteristic. As mentioned in the Introduction,
the derived category of X has a well-known semiorthogonal decomposition

DP, (X) = (., Ox, O (1), 64 (2))

where the residual component .« looks like the derived category of a K3 surface

At least when chark # 2, a particularly simple and well-studied case in which .«/yx is equivalent to
the twisted derived category of a K3 surface is when X contains a plane. The following completes
the picture for arbitrary base field characteristics:

8.10. Theorem. — Let X C P° be a smooth cubic fourfold over an algebraically closed field k. Assume
that X contains a plane P. Then there is a semiorthogonal decomposition

Db

coh

(X) = (D2, (S, ), b, Gk (1), Ox(2))

where S is a K3 surface of degree 2 and a € Br(S).

Proof Fix a plane P C X. Linear projection centred at P is resolved on the blowup b: X — X along
P. The resulting morphism a: X — P? is a quadric surface bundle. The Fano scheme F,(X) is a finite
set of reduced points by an unpublished result of Debarre in [Deb03, Lemma 3]—see also Starr’s
treatment in [BHBO6, Appendix]—and so a: X — P2 has only finitely many corank 2 fibres and no
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corank 3 fibres. Since k is algebraically closed, the étale cover over the corank 2 locus from 4.12 has
a section. The hypotheses of 7.25 thus are satisfied, and so there is a semiorthogonal decomposition

DP, (X) = (D>, (S,a),La*D}, (P?) ®" @,, La*D], (P?) ®" 0,(1))

C C

where S — P? is an open in the moduli space of spinor sheaves along a: X — P? and a € Br(S). The
mutation argument in [Kuz10, pp. 228-230] remains valid here and yields an equivalence

D2 (S, ) ~ oy.

Finally, remark that S is a K3 surface: it is smooth since X is; wg = @y since .y is a K3 category;
and H!(S, @) = 0 thanks to Noether’s formula 12y (S, ) = ¢,(S)? and the fact that the Hochschild
homology of .¢/y recovers the Betti numbers of a K3 surface. ]

The final few paragraphs give explicit models for the K3 surface S. Without further assumptions
on X, the discriminant cover S, := Disc(X /P?) of a: X — P? from 8.1 provides perhaps the most
convenient model for S. Note that 8.3 and 8.4 give a canonical birational morphism S — S, over P2
which is an isomorphism away from from the corank 2 locus of a: X — P2

8.11. — To give an equation for S, choose projective coordinates (xg : X1 : X5 : Yo : ¥1 : o) for P°
such that the plane in X is given by P =V(y,, ¥1,¥5), and identify (y, : ¥; : ¥5) as the coordinates
on the P2 at the base of linear projection a: X — P2. The equation of X takes the form

2
f =800 yy) + D Vo yi y2)xi + Zosis;‘gz €i,; (Yo, y1, ¥2)X:iX;

where g € H°(P?, 6p2(3)), q; € H°(P?, 0p2(2)), and ¢; ; € H°(P?, Gp2(1)). The quadratic form defining
X may be defined by the non-symmetric bilinear form

fo,o eO,l 30,2 do
by by @
b Qo

g

2 09° ® Op2(—1) = Gp2(1)*° @ Gp2(2).

By 8.2, Sy — P? is the flat double cover given by 22 — (£ 19 — £g,2q; + £1.2q0)z + 7 = O where

Y= (Zo,ogiz + 51,153,2 + 52,25(2),1 —Lo1loaly o —4o0l11022)8 +L010129092
+ 51,152,261(2) + eo,oez,z(ﬁ +€o0l 1,1q§ —Lo,0l1,29192 —£1,1€0,29092 — €2,2€0,19041 -

8.12. — One particularly pleasant situation in which global equations for S can be given is when X
contains a second plane P’ disjoint from P. Choose coordinates as in 8.11 such that P =V(yg, ¥1, Y2)
and, furthermore, P’ = V(x,, X1, X5). The equation of X may then be written as the sum

f = f1.2(x0, X1, X35 Y0, Y1, ¥2) + f2,1(X0, X1, X25 Y0, Y1, ¥2)

where f; 5 and f, ; are bihomogeneous of bidegrees (1, 2) and (2, 1), respectively. Viewed as functions
on P? x P2, these cut out S: see [Has16, §1.2].

8.13. — As an explicit example, consider the cubic fourfold

X := {(xo IX1 Xy Yoty iYy) EP x§y0+xfy1 +x§y2+x0y§+x1y12+x2y22 = 0}.

By 8.11, the discriminant cover Sy — P2 is given by 22 — 1 ¥a( yg’ + yf + y23) = 0. In particular, S,
is singular above points of intersection amongst the various components of the divisor appearing. By
8.12, S, is resolved by the K3 surface S may be given as

S:i= {((Xo 210 %2), (Yo i y1: yo)) €PP x P2 XSJ’O +X%J’1 +X§J’2 = xOy§ "‘X1J’12 +x2y22 = 0}-
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When k has characteristic 2, both [DK03, Theorem 1.1(vi) and (viii) ] show that S is the supersingular
K3 surface of Artin invariant 1. Since X here is a smooth g-bic fourfold with ¢ = 2 in the sense of
[Che25], this is isomorphic to the Fermat cubic fourfold. This completes the proof of Theorem E. H
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