COMBINATORIAL ASPECTS OF THE QUANTIZED UNIVERSAL ENVELOPING ALGEBRA OF s,
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ABSTRACT. Quasi-triangular Hopf algebras were introduced by Drinfel’d in his construction of solutions to
the Yang-Baxter Equation. This algebra is built upon %, (s[»), the quantized universal enveloping algebra of
the Lie algebra sl. In this paper, combinatorial structure in %, (sl2) is elicited, and used to assist in highly
intricate calculations in this algebra. To this end, a combinatorial methodology is formulated for straightening
algebraic expressions to a canonical form in the case n = 1. We apply this formalism to the quasi-triangular
Hopf algebras and obtain a constructive account not only for the derivation of the Drinfel'd’s R-matrix, but
also for the arguably mysterious ribbon elements of %, (sl,). Finally, we extend these techniques to the higher
dimensional algebras %}, (sl;,+1). While these explicit algebraic results are well-known, our contribution is in
our formalism and perspective: our emphasis is on the combinatorial structure of these algebras and how
that structure may guide algebraic constructions.

1. INTRODUCTION

1.1. Motivation: Knot Theory. A rich setting in which quasi-triangular Hopf algebras appear is knot
theory, so we shall begin by explaining very briefly and informally some of the background to this. A knot
is an embedding of the unit circle into R® and two knots are equivalent if one may be transformed into the
other smoothly: that is, without cutting and re-attaching the ends. An essential question in knot theory is
how to construct amap 6: £ — &, from the set £ of all knots to a set % such that if a and b are knots,
then 0(a) # 0(b) implies that a and b are inequivalent knots. The map 6 is called a knot invariant.

The discovery in the 1990’s that the Yang-Baxter Equation, which appeared in mathematical physics,
also arose in knot theory prompted a remarkable resurgence of activity in knot theory and, obiter dictu,
marked the beginning of what is now commonly termed Modern Knot Theory. The appearance of the
Yang-Baxter Equation may be seen as follows. An oriented knot may be represented in the plane by its
regular projection as a four regular graph, together with marks attached to each vertex to indicate whether
a crossing is positive or negative. Such an object is called a knot diagram. A result of Alexander [Ale23]
shows that a knot diagram may be viewed as the closure of a braid by selecting a base point in the plane
of a knot diagram, and then using the (isotopy preserving) Reidemeister Moves in such a way that each
segment of the diagram between successive vertices is directed in the anti-clockwise sense around the
base point. The braid, in turn, may be expressed as a product of the braid generators s, ..., s,—1, for an
n-stranded braid, where s; is the transposition (i, i + 1), together with the braid relations, of which one is
SiSi+18i = Si+18iSi+1 fori =1,...,n— 1. This accounts for the appearance of (matrix) representations of
the braid group. The Yang-Baxter Equation

(1.1) MeoDIeM)MeID) =IesM)MeD)IeM)

is the image of this relation in the matrix representation. Such a matrix M is called an sR-matrix. Solutions
of the Yang-Baxter equation may be obtained through Ribbon Hopf Algebras. In general, such algebras
are difficult to construct. The remarkable work of Drinfel'd and Jimbo in the late 1980’s showed that every
semisimple Lie algebra over C gives rise to such an algebra, the starting point of which is the quantized
universal enveloping algebra of a semisimple Lie algebra. Consequently, many new knot invariants,
generally contained in the class of quantum invariants, were discovered. Readers interested in reading
further about the connexions with knot theory are referred to [Oht02].
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The three algebras which will be encountered are:

(i) the quantized universal enveloping algebra %}, (sl,) of the Lie algebra s(y; this is a Hopf algebra:
(i) a quasi-triangular Hopf algebra; this is a Hopf algebra with an invertible element R called a
universal R-matrix;
(iii) a ribbon Hopf algebra; this is a quasi-triangular Hopf algebra with a particular element v called a
ribbon element (determined from R).

1.2. Purpose. We include a self-contained introduction to quantized universal enveloping algebras of
semisimple Lie groups from a particular perspective: namely, that they contain a rich combinatorial
structure which may be used as a guide to highly intricate algebraic calculations within these algebras.
We demonstrate the efficacy of this approach by deriving several fundamental results that may be found
in [CP94] [Kas95| [Oht02] and original sources such as [Dri87, [RT91} [RT90, Bur90, [KR90, [LS91]. These
results include:

— straightening in %}, (s[»), but from a constructive approach; (§2.7)
— adirect derivation of an R-matrix for %, (sl,) without recourse to Drinfel'd’s

quantum double or to the quantum Weyl group; (§B.3)
— the same for %}, (s(,,41), n = 2; (§§6.1H6.9)
- adirect, essentially combinatorial, construction of the ribbon Hopf structure

on %p(slp); ($4).

After completing this investigation, it came to our attention that the article [KT91] studied universal
enveloping algebras and a universal R-matrix for quantized super algebras. They did so through the com-
binatorics of root systems. While there are some similarities, our approach is through the combinatorics
of straightening and the combinatorics of g-series.

1.3. Organization. This article is organized as follows:

In we discuss straightening in %, (sl,) and establish the technical lemmas which are crucial to
all that follows. These are applied to straighten the monomial x*y” in %, (sl;) so that it is a sum of
monomials of the form yx%. We also discuss some g-identities in the combinatorial context of inversions
in bimodal permutations, and then prove an extension of a classic identity of Cauchy that is crucial to
our approach to the construction of the ribbon Hopf structure on %, (sl,).

In we constructively derive an R-matrix for %, (s(y).

In we give an explicit construction for ribbon element in %, (sl,).

In we extend the straightening framework developed for %, (sl,) to %} (sl,,+1) for n = 2. These
higher dimensional studies further clarify, and amplify, the essential features of our technique.

In §6|we derive a R-matrix for 2, (s1;,41).

Acknowledgements. DM]J would like to thank Pavel Etingof of useful discussions. We wish to thank an
anonymous referee for most valuable suggestions, and an assiduous reading of the paper. RC and DM]
were supported by The Natural Sciences and Engineering Research Council of Canada.

2. STRAIGHTENING IN THE QUANTIZED UNIVERSAL ENVELOPING ALGEBRA OF slp

In this Section, we develop a framework for performing straightening computations in the Drinfel'd—
Jimbo quantized universal enveloping algebra %, (s[) for the Lie algebra sl,. To begin, recall that %, (s[,)
is the associative C[[h]]-algebra with underlying C[[]]-module % (sl,)[[h]] formal power series in /& with
coefficients in the universal enveloping algebra % (sl,) of the Lie algebra sl,, and product determined by
the following degree 2 relations in the generators x,y, h € 2, (s(,):

h —

Nl

hx—xh=2x, hy—-yh=-2y, xy—-yx= ¢
e

—e

SIS
(SIS NI
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Our point of departure is to rearrange these relations into the form

ot
2.1) xh =hx—-2x, yh=hy+2y, Xy =yx+ ——5
ez —e 2

so that they may be interpreted as a means for transforming arbitrary monomials in x, y, and h into
sums of monomials in which the generators are ordered h <y < x. This is made precise by the Poincaré-
Birkhoff-Witt Theorem, which says that the set

B, =1h"y*x" 1 a,b,c € Zsp}
is a C[[h]]-basis for 2}, (s1,). See [CP94]} p.199] for a proof.

The Poincaré-Birkhoff-Witt Theorem allows us to make explicit comparisons between elements of
Uy (slz) by expressing elements in terms of the basis 98;, and then by comparing the coefficients of
corresponding basis elements. The process of writing an element of %, (sl) in terms of the basis 93y,
is referred to as straightening. Much of our work in this article is to codify straightening in quantized
universal enveloping algebras, to show how a robust formalism for straightening can be used to perform
detailed calculations, and also to show how to build such a framework from a constructive point of view.

2.1. Notation. We use the following notation throughout the article:

"k - "k
q-q

With this notation, the commutation relation for x and y from is simply expressed as
=2

k2 —k
— = [h].

q-49

h by — -1 7 -1
(2.2) qg:=e2, k:=et", q:=q , k:=k, [h+n]:=

(2.3) [ y]:=xy—yx=

For integers n and k, write

—n .
a"-4q .
(nlg:=——-, [nllg:=[]lilg :
q - q i=1 q
for the quantum integer n, the quantum factorial function, the quantum binomial function, and the
quantum lower factorial respectively, where k is a non-negative integer. Note that subscript g in each

notation is to be thought of as the argument in its definition. That is, for any function f(g) of g, we write

_f@"-f@"
(Mg = —F =
f@)-f@
and similarly with the other definitions. When an explicit subscript is omitted, f(g) = g by convention.
Finally, for non-negative integers i,

[nlly [nlly

o E e Il
T kg n-ky Y

k

T -l

i—-1
(2.4) th+nlg:=[[lh+n-r], and
r=0

h+n

; ::—[h+n](l-).

[Z]!

2.2. Basic Straightening Rules. The proofs of the following are straightforward and are largely omitted.

Lemma 2.3 (Separation Lemma). Let x, y, and a be indeterminates. Then
@) [-x]=-I[xl,

(i) [x][yl-[x—ally+al=la]lly—x+al,

(iii) [x][yl+[allx+y+al=[x+ally+al.
Proof. Identity comes by noting (¢ — §)? [x] [yl = (¢** + G ) — (¢7~* + ¢*~¥). Applying this twice,

@-9* (Y - [x—ally+al) = " (q**=1) + 7" (q°* - 1).

Finally, [(iii)] follows from [(iD)]upon replacing x by —x. O
Remark 2.4. These identities are valid when either:

(a) both x and y are integers; or
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(b) one of x or yis an integer and the other is an expression involving h.

Lemma|2.3((ii)| may be viewed as a device for separating the x and y in [y — x — al.

Lemma 2.5 (Straightening). Leta€ Z, b, c € Z», and f (x) be a formal power series in x. Then the following
hold in Uy (sly).

® X fh) = f(h=2b)<", Y’ f(h) = f(h+2b)y”,

(i) xPk® =g Kaxb, yPKA = gbKayb,

(iii) (kx)? :a%b(b—l) kbxb, (ky)? = q%b(b—l)kb b

@iv) xyb:ybx+[b] [h+b—1]yb_1, xby:yxb+[b] [h—b+1]xb_1,
W) (k)P f(h) = f(h—2b) (kx)?, (Ry)? F(h) = Fh+2D) (ky)?,

(vi) P (kx)® :a%(02+2bcfc)kcxh+c’ yP(ky)€ = q%(02+2bc—c) keybe,

Proof. We only prove (). Let Aj, := xy”. Then, from and part (i),
(2.5) Ap= 0y =y Apy + Thly?
Iterating this gives
(2.6) Ap= ybx+ fb(h)yb*1 where fy(h)=0
which, when substituted into and part (i) is applied, gives f},(h) = fp_1(h+2) + [h]. Thus
b-1
o)=Y [h+2il= f_1(h) + [h+2b-2].
i=0
Lemmal2.3{iil)|witha=1,x=b-1,and y=h+b—-2gives [h+2b—-2] = [b] [n+ b—-1]-[b—-1][h+ b—2], s0
fo(h)=[bllh+b—-1]= fp1(h)—[b-1][h+b-2]=c
where c is therefore independent of b. Setting b = 0 in the left hand side gives ¢ = fy(h) =0, so f(h) =
[b] [h + b — 1] and the result follows from (2.6). a
. e Iheh . . . .

When constructing an R-matrix in aterme4 will appear. The following result will be useful
for commuting terms past this exponential.
Lemma 2.6. Let f(x) be a formal power series in x and m € Z. Then

@) fOekmxeiheh = gtheh r4 2 gmy: ana
i) fAekMy)etheh = iheh r(2 g my).
2.7. Straightening of x?y?. We now straighten x%y?, a, b € Z, with respect to the ordering h <y < x by
a constructive method. From Lemma, the straightening of the premultiplication of y” by x is
xyb = ybx+ [blh+b-1] yb_l.

Iterating this a times, and noting that x may be moved through quantum brackets containing only h by
means of Lemma|2.5(i),

@2.7) xyP= Y Fapijhy'x.

0<i,j<min(a,b)

But e x?y? = xy? eh+2a-2b oy T emmal2.5/f) and so, applying this to (2.7), gives

xaybeh+2a—2b — Z Fa,b,i,j(h) inj€h+2j_2i,
0<i,j<min(a,b)
and so
x“yb = Z Fa,b,i,j(h)y’xf eZ(]—a)—Z(z—b)‘

0<i,j<min(a,b)
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Equating coefficients of y’x/ on the right hand side of this and (2.7), we have i = b—k and j = a - k for
some non-negative integer k, whence we conclude that

2.8) xyr= Y Gapr(hyPRxek

0<k<min(a,b)

where G, p,k(h) := Fg p,a—k, bk (h). Since commuting x from the left of yb yields a single term of top degree
with coefficient 1, the boundary condition is

(2.9) Gapoh) = 1.
Arecursion for G, , . is obtained from the identity x“yb =x4"1 (x yb ) First, from Lemma lﬂi and (iv),
xyb = (x4 yP N (yx) + [b] [h + b—2a+1] (x*1yb™1).
Then, substituting into this,

Z Gayb,kyb_kxa_k — Z Ga—l,b—l,k(yb_k_lxa_k_l(yX) + [b] [h +b-2a+ 1]yb—k—lxa—k—1).
k=0 k=0

From Lemma2.5([W), x* ¥~y = yx4 %=1 4 [a— k—1] [h— a+ k+2]x*~%~2, Substituting this into the above,
and then equating the coefficients of y?~¥x?~* gives the recurrence equation

Gapk=Ga1p-1k+(la=klh+2b—a-k+1]+[bl [h+b—-2a+1])Ga1,p-1,k-1-
Then from Lemma|2.3(iii)} with x — b, y—=h+ b—-2a+1and a— a—k,
(2.10) Gabk=Ga-1p-1,k+a+b—kllh+b—a—k+1]1G4_y p-1 k-1

Each instance of G; ;. in this recurrence equation satisfies i — j = a — b. The only term that does not
contain a— b is [a + b — k]. This suggests using [k] [a + b — k] = [a] [b] — [a — k] [b— k] from the Separation
Lemma to separate a and b in this quantum bracket and then transforming G, ; x to form a new
recurrence equation in which a — b is an invariant. Let

b
(2.11) Gapk = %me,k-

Then, substituting into gives

(2.12)  [al[b] Bapk—la—kl[b—klBa_1,p-1,k = (lal [b] - [a— k] [b—k]) [h+ b— a—k+1] Ba_1,p-1,k-1-

Suppose that B, 3, depends only on the difference b — a. Then B, p x = B;—1,p-1,k and becomes
Baopk=[h+b-—a—-k+11B,pr-1

for k=1 and B, 0 = 1 from (2.9). This suggests the solution By px = [h+ b— aly. Indeed, it is readily
checked that this does indeed satisfy (2.12), from which we have

h+b-a

Gabk = lalk bk k

So, from , we have therefore (both derived and) proved the following:

Lemma 2.8. Let a and b be non-negative integers. Then

x@ yb ~ Z h+b-—a ybfi xa—i
lall [b]! 5 i (b—i)l [a—i]!
In particular, when a = b,
n . .
Xnyn — Z [I’l]? ; yn—txn—z‘
i=0
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2.9. Straightening g-commuting variables. Indeterminates a and b are said to g-commuteif ba = q ab.
Certain combinations of elements in %, (sl;) g-commute and so we will find use for straightening rules
involving series in g-commuting variables. Here, we collect straightening rules involving abstract g-
commuting variables. We view these identities as arising from combinatorial properties of inversions in
permutations.

For n, k € Z, define the g-integer n, the q-factorial of n and the g-binomial coefficient of n and k as

1-g" n) ()l

(2.13) (n)g:= =g Mg:=0)g-Qg--- (Mg, (k :ZW,
q

respectively. The g-exponential series is

expy (0= T (:;Tq € Q(q) [[x]

as a formal power series in x with coefficients that are rational functions of g.

The g-exponential series has a multiplicative property for g-commuting indeterminates. The proof
uses the observation that g is associated with a combinatorial property of sets, as follows. An ordered
bipartition {1,...,n} of type (r,n—r) is (a, B), where a and S are disjoint subsets of {1,..., n} of size r and
n—r, respectively. A between-set inversion of (a, ) is a pair (i, j) € @ x f such that i > j. An inversionin a
permutation x € &, is a pair (i, j) with 1 < i < j < n such that n(i) > j.

Lemma 2.10. Let a,b be such that ba = q ab. Then equ(a +b) = equ(a) equ(b).

Proof. The g-commutation relation gives polynomials f.,—,(q) such that

n
(2.14) @+b)" =Y frn-r(@a """
r=0
By construction, the coefficient of ¥ in f;,,_,(g) is the number of ordered bi-partitions of {1,..., 1} of
type (r, n — r) with precisely k between-set inversions.

We now relate f;.,,_,(g) with generating series g,,(g) whose g* coefficient is the number of elements
in &, with exactly k inversions. First, by considering the contribution to inversions by the symbol m, we
have the recursion

g @ =gn(@A+g+---+q" 1) forn=1
with go(q) = 1, so gu(q) = (n)!4. On the other hand, by considering a fixed bi-partition (a, §) of type
(r,n—r), we have (n)!y = g-(q) gn—r(q) fr,n-r(q) since each inversion of 7 occurs within @, or within 8, or
between a and 8. Then f;.,—r(q) = (")q and the result then follows immediately from (2.14). ]

r

In constructing the ribbon structure on %, (sl,) in §4} we will need an extension of the following finite
product identity due to Cauchy [Cau09]:

Lemma2.11. Let z and q be indeterminates. Then

no(n| k=1 .

Zn:Z(k) H(Z—ql).
k=0\"/ 4 i=0

Proof. This can be deduced from the g-analogue of the Binomial Theorem; see, for example, [GJ83}

Corollary 2.6.11]. O

We now extend this identity to an identity of certain formal power series by taking z to be an exponen-
tial related to g.

L
2

Lemma2.12. Let h, t, and x be indeterminates such that q = e2 . Then,

00 k-1 .
e =y (i) 1" - *) e Qlx, tiA.
q

k=0 2 =0
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Proof. The coefficient of 2™ on the left is a polynomial in ¢ and x. On the right hand side, note that
k-1 . k-1
Valh( H (eht - q2’)) =valy, ( H (t— i)h) =k,
i=0 i=0

where valj, extracts the exponent of the smallest power of & with with nonzero coefficient. So only the
finitely many indices 0 < k < m contribute to the coefficient of 2" and each index contributes a binomial
coefficient (}) 42 But as a power series in i, (i)qz has coefficients which are polynomial in x. Therefore

the coefficient of 2™ on the right hand side of the statement is polynomial in ¢ and x. In particular, the
coefficient of /™ ¢" is a polynomial in x on both sides. By Lemma these polynomials in x agree for
each positive integer and thus they must be equal as polynomials. ]

2.13. The quantum exponential function. The functions defined in and are related through

”] _—k(n—k)(n)
_q .
k], P

Note also that the quantum numbers are invariant under the substitution g — g.
The quantum exponential function defined by

(2.15) =" W, ally=72"" D),

CI% n(n-1)
2.16) Exp,(x):= ) —

xn
nso [nllg

enjoys an analogous multiplicative property as the g-exponential series under quantum commutation.

Lemma 2.14. Let a and b be such that ba = ﬁz ab. Then
Equ(a+ b) = Equ(a) Equ(b).

Proof. Equation shows [n]!= g zn(n=1 (n)!ﬁz and so Exp g(xX) = expz2 (x). Thus Lemrna gives
Equ(a +b) = exp (a+b) = exp e (a) exp (b) = Equ(a)Equ(b),

as desired. O

3. AN R-MATRIX FOR %, (s15)

In this Section, we use the straightening framework developed in §2]to give a direct and constructive
approach to the construction of the R-matrix for %, (sl). We begin with a few recollections; further
details can be found in [Kas95,(CP94}|0ht02]. Recall that a Hopf algebra over C is an associative C-algebra
&/ together with algebra homomorphisms A: «f — & ® &, a co-product, and ¢€: o — C, a co-unit, and
an algebra anti-homomorphism S: o/ — &/, an antipode, satisfying certain relations. In particular,
as discovered by Sklyanin [SkI85], %, (sl,) is a Hopf algebra with structure maps defined on algebra
generators by

AUy (slp) — Up(sly) ® Up(sly), S:%p(sly) — Uy(sly), €:Up(sl) — C,
x—x®k+k®x, X = —qX, x— 0,
y—yok+key, y = =4y, y—0,
h—hel+leh, h— —h, h— 0.

Our goal is to enrich this Hopf structure of %, (sl,) to a quasi-triangular structure:

Definition 3.1. A quasi-triangular Hopf algebra is a Hopf algebra «f equipped with an invertible element
Re of ® of, called a universal R-matrix, satisfying

(i) (toA)(a)=R-A(a)-R™! foreveryace o,
(ii) (A ®1d)(R) = R13 . R23, and
(i) (id® A)(R) = Ryz-Rya.



8 R. CHENG, D. M. JACKSON, AND G. J. STANLEY

Here, 7: a® b— b ® a is the twist map, and
Rlztzziai®ﬁi®1, ngizzi(li@’l@ﬁi; R23==Zi1®ai®ﬁ,-
where a;, B; € o and are defined through writingRas R:=Y; a; ® §;.

3.2. Action on k. We compute the Hopf algebra maps A, €, and S on k. Since A is an algebra map
Ak) = e 1AM _ i hal+ioh) _ (e%h ® 1) (1 ® e%h) —ethgeth —kak

since h® 1 and 1 ® h commute. Similarly,

S(k)=S(e%h):e%5(h):e_%hzi, and e(k)ze(e%h):e%g(h):eozl.

In summary: A(k) =k®k, S(k) =k, and e(k) = 1.

3.3. Constructing an R-matrix. We construct a universal R-matrix for %, (sl) in two steps. First, by
considering the dependency on x, y and h in an R-matrix, we propose an ansatz. Second, coefficients and
parameters in the ansatz are determined through the requirements on R.

3.3.1. An ansatz for R. In general, R is a sum of elements of %, (sl») ® %}, (sl,), so after straightening each
tensor component, R can be expressed as a sum of terms of the form x™y’ ® x"y"™, m, t, u, n € Zg. Factors
of h appear through powers of k and k when straightening, say in applying Lemma So a general term
in R might look like

h
k'xMy! @ kix"y" = ei(”h@l)”a@h))xmyt oxy®  forr,seZand m,t,u,n€ Zs.

Condition of Deﬁnitionfor a =xreads (k®x+x ®k-R=R- x®k+ ke x). This suggests that
an asymmetric change in powers of k and k in the general term of R needs to be related to one another

by straightening. Ultimately, we require a device which can introduce additional powers of k ® 1 and

h
1 ® k via straightening. A solution for this is to include powers of eiheh

, as straightening with expressions
. . I h+aye(h+b)
involving x and y creates terms of the form e+ through Lemma 2.5((i).

This argument leads to

h
3.1) R= Z Ak rsmniu(q) ei(kh®h+rh®l+sl®h)xmyt®Xuyn.
k,m,n,r,s,t,u

as a conjectural form for R, where ag. ;. s m,n,1,(q) is a function of g.

We begin by considering an even simpler form in which x and y occur exclusively in the first and
second tensor components, respectively. Namely, set =0 and u = 0 in (3.1I) and write ay s m,n(q) :=
ak,r,s,m,n0,0(q) to obtain the ansatz

3.2) R= Y aproma(@ et MeNkrymgisyn,

k,m,n,r,s
For brevity, explicit mention of the dependence of ay ;s m, »(g) on g will henceforth be suppressed.
3.3.2. Condition|()] of Definition[3.1} Since A is an algebra morphism it is sufficient to show that this
Condition holds for the generators h, x and y.

For the generator h: The Condition asserts that (h®@ 1+1®h)-R=R-(h®1+1®h). Since ¢t (kheh+rhel+sieh)
commutes with h® 1+ 1 ® h, the Condition is equivalent to the termwise equality

hel+1eh)(k'x"ek’y") = (k'x"ek’y")(h®1+1®h).
By Lemmal[2.5(@), the right hand side is
k'x"eok’y"(hel+leh)=(hel+1eh)(k'x"®k’y™) —2(m—n)(k"x" & k’y")

so the Condition implies that m = n. Setting ax. .5 n := Gk, r,s,n,n, 3.2) simplifies to

3.3) R= Y apnonet {0k x" o ksy™).

k,n,r,s
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For the generator x: By Lemma lﬂi ,

—2klrn —2k+1-s ,

(tToA)x)-R= Z fer.sme hk(h@h)(k & xk’y" +xk"x" & k y ),
k,n,r,s
RAN= Y aprenet MM (x oldy k+k X"k ® k'y"x).

k,n,1,s

The equation (7 0A)(x) - R = R- A(x) may be rearranged as
L —2k-1- —
(34) A= ) ak,r,s,ne%k(h®h)((k rx”®xksy")—(er”k®k3y”x))
k,n,r,s
—2k+1-s

)y ak,r,s,ne%k(mh)((er’l”®k3y"k) (xk'x" @k

k,n,1,s

y”)) =:B.

To simplify A, note that xk® = §°k’x and x*k = g"kx" from Lemma H , SO

h g —2k—1- _
A=Y agpspethen (qs(k X ek’xy") - q" (K" 'X" ® ksy"x)).
k,n,r,s
Observe that if we had s = —n and k = 1, the commutator [x,y"] appears from the second tensor factors
of this expression. Doing so, and writing a,,, for a; ,—,,,, Lemma [2.5(iv) allows us to compute the
commutator to yield
n+1

(3.5) A=eih Y g 411" K N e gk Y,

n,r

To simplify B, set s = —n and k =1 as above, and apply Lemma|2.5fi) to obtain
—n— —pn+3
B= e%h@h Zar,n(q)ern+l ® (an" lyn _ qun+ yn)_
n,r
The second term simplifies if we had r = n. Again, doing so, and writing a,, for a; 5, yields
B=ei"™Y 4, (q- k<" oh+nk
n=0
Also setting r = n for A in (3.5), we have
A=eiP®N Y g+ g KX e gk Y,
n=0

Comparing A and B shows that the a,, = a,(g) must satisfy the two-term recurrence equation

n+1

an+1(q@)-n+11q""" =an(q)-(g—q)  withinitial condition ag(q) =1,

(q-9"—

a2 zn(n+1) . Substituting these settings into (3.3) gives

whence a,, =

h®h Z (67 67) —fn(n+1) (k"x ®E”yn)‘
n=0 (n]!
Now k’*x™ = q%”(”‘l)(kx)” and Eny” = q%"‘”‘”(ﬂy)” from Lemma, SO

n=0 n]'

For the generatory: 1t is readily shown that this condition is satisfied by the expression for R given in (3.6).
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3.3.3. Condition|(ii)] of Definition[3.1] It is immediate from the definition of the quantum exponential
function in (2.16) and the expression for R given in that

(3.7) R=etheh Equ(ﬂtqu@aiy) where A4 :=4(q-19q).

Condition|[(ii)]of Definition[3.1]requires that (A ® id) (R) = Ri3 - Ry3. It is readily seen that

(3.8) (A®id)(R) = et Me1eh+1ohsh gy () (ixok? + 10 k) @ ky)

since A is an algebra morphism, and A(k) = k® k from
On the other hand, recalling notation from Deﬁnition we have

Ris-Ros = (o7 1M Exp, (A4 (kx® 1 0ky)) ) (1 1*"* Exp, (11 & kx @ ky))
= erhetehtishehpy, (3 (e k? @ ky)) - Exp,(Aq(1 @ kx @ ky)).

where we have used Lemmato straighten an exponential. Let C := kx ® k? ®ky and D := 1 ® kx® ky.
Then Lemma gives DC = ﬁz(kx e k3x® (ky)?) = ﬁz CD, so Lemma applies to give

Ris-Ros = ¢t (ha1sh+1sheh) -Equ(/lq(kxeb k2@ ky +1®kx®ky)).

Comparing with shows that this is (A ® id)(R), so the Condition is satisfied.

3.3.4. Condition((iil)] of Definition[3.1] It may be shown similarly that this Condition is also satisfied.
We have therefore proven the following:

Theorem 3.4. A universal R-matrix for %y,(sl,) is given by

—mn _
R= e%h@h Z (q[n]i’) q%n(n—3) (kx)l’l ® (ky)n
n=0 .

Remark 3.5. Two comments on the derivation of R:

(A) A more detailed calculation, dealing with the complete form for R proposed in (3.1)), will show
that the R-matrix found in Theorem 3.4]is the only one of this form.

(B) The salient aspects of the derivation of R are (i) the appearance of the commutator [x,y”] in ,
and (ii) the fact that R may be expressed succinctly in terms of the quantum exponential function
in (377). The factorization property given in Lemma[2.14]for the quantum exponental is crucial in
showing that Conditions|(ii)]and|(ii)] of Definition 3.1 hold.

4. RIBBON HOPF ALGEBRA STRUCTURE ON %}, (sl2)

In this Section, we use our straightening methods to compute a ribbon Hopf algebra structure on
%1, (slp). These calculations are similar to those in [Oht02, Appendix A], but are simpler and more direct.
For instance, our calculation of S(u), based on the combinatorial identity in Lemma[2.12} is significantly
shorter than the corresponding calculation in [Oht02].

To begin, let o be a quasi-triangular Hopf algebra with R-matrix R=}_; @; ® ;. Drinfel'd observed
in [Dri89] that the element

4.1) u=) S(B)-a;ed.
satisfies the following properties:
(i) Forall x€ o, S?*(x) =uxu!;
(i) Aw) =@ (R)-R)'(ueuw) =ueu)(r(R)-R)™!;and B
(iii) wis invertible, withu™! = Y S-! (B))a;, where Rl= Yia;®p;.
See [Kas95| pp.180-184] for details.
Ribbon Hopf algebras are quasi-triangular Hopf algebras which admit a sort of square root to the

element u. They were introduced by Reshetikhin and Turaev [RT90] in order to construct a polynomial
invariant for framed links.
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Definition 4.1. Aribbon Hopf Algebra is quasi-triangular Hopf algebra (<f,R) equipped with an element
ve </, called aribbon element, satisfying:

(i) v is central;
(i) v’ =S(u)-u;
(iii) S(v) =v;
(iv) e(v)=1;and
W AW =R R (vev).

We now explicitly compute a ribbon element for %, (s[») by first directly computing the element u for
the R-matrix in Theorem3.4]from (), and then obtaining v from Condition (i})| of Definition[4.1]

Lemma4.2. u=e L Z( 1" (q " —fn(n+3)k2” nyn.

n=0 ]'
Proof. From Theorem 3.4/and Lemma [2.5|i),

R= Z h™ —n(n- D(hmk" n)®(hmE” n) h . (q_ﬁ)n—%"(n%)
_m,nzo YE cnq X y where ¢, 1= ! q

and so, from (4.1),

us ¥

m,n=0

To straighten the summand, note that S(E) =k from and that h and k commute, so
(S(hminyn)) . (hmknxn) — (_1)m+nﬁnynh2mk2nxn — (_1)m+nﬁnq2n2 (h+ zn)kaZnynxn
from Lemma[2.5]() and (). So

m -
4Zm' Cnﬁn(n—l) (S(hmk"yn)) . (hmknxn).

2 _h 2
u= Z (_Dncn qn e’Z(thZ”) anyan.

n=0

Lihean? _g2n® —n? j A 0

The result then follows by observing that e~ q

—4
Lemma4.3. S(u) =k u.
Proof. Letd, := (-1)" -4 (q q) qZ”('”s) Then

—4 —2(n+2

Ku=e i’ Y dnk et )y”x”.

n=0
From the definition of S at the beginning of §3|and from its action on k given in
h
Su) = Z dnx”y"kznefzhz.

n=0
h2
Now k2" and e~ 1" commute and, by Lemma |[l> , both of these commute with x?y", so

h
Sy =e 1M Y d kX"
n=0
—4
Using the Poincaré-Birkhoff-Witt Theorem, we can establish the equality of k u and S(u) by comparing
coefficients. First we compare the coefficients of y"x" with the aid of Lemma|2.8| Doing so, the assertion
of the Lemma is therefore equivalent to the identity

h

de . [m—n

= [n]'2

2(n+2)

and so, by changing the index of summation to s := m — n, to showing that

—4(n+l) e dngs [n+ 81250
k =A, where Ay = é) PR k

il
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It is in this form that we shall prove the lemma. From and (2.4),

=2
h s—1ﬁrk2_qu 1 q? g7l 4 5
= = — —k k*—g"
[s w7 T LK)
SO
_ + s—1
Anzz(_l)s qs(n+s+1) VlsS ]_[(k4—q2r)
520 r=0

We shall now transform the quantum binomial coefficient into a g-binomial coefficient through (2.15)
and then to a negative g-binomial coefficient to obtain

_ n+s| = —(n+1)) =
Ap = Z(_l)sqs(2n+s+l)( ) l—[ (k4 _ qu) - Z ( ( )) (k4 _ qzr)'
520 s q> r=0 §=0 S > r=0

—4(n+1)

Since ¢* = e’ and k* = e, Lemma gives A, = e"("*Dhh | O

To find a candidate element for v, observe that Lemma simplifies Definition tov? =S(u)-u=

—4 - = — —2
k u?. But propertyof u together with says uk = S?(k)u = ku. Thus k u is a putative expression for
the ribbon element, we now show satisfies the remaining conditions of Deﬁnition

Theorem 4.4. A ribbon element for (%), (s1,),R) is

=2 ag-ag)" _1 _ 1
vi=k u= e_%hz . Z (q q') q;n(n+3)k (n+ )ynxn‘
nso [nl!

Proof. We verify Conditions (i)-(v) of Definition 4.1
Conditionasks for v to be central. It is enough to show v commutes with the generators h, x, and

It p212(n+1) .
y. Let T), := e th* i y"x" be a general term of v. Lemma(2.5({) shows that h commutes with T}, and
hence v. That x and y commute with v follow from similar calculations, so we only show commutation
with x. From Lemma 2.5, xe~ 1" = GPe T4y Thus,
_h =2(n-1)
XTp=e 10 2" (xy")x" (Lemma[Z5|)
_h =2(n-1) -
=g 1N’ ank " (y"x"Jrl +[nlh+n-1]y" lx") (Lemmal[2.5|iv))
and so, using the notation ¢, from the proof of Lemma}4.2
h —2(n-1
xv=e 1 Y cng*k " )(y”x”Jrl +[nlh+n—-11y" x")

n=0

=i’ > anfzkz(n—z) (cn-1+¢n qZEZ[n] th+n—1])y" %"

n=1
by shifting the summation index for the term containing y"x"*! by one. The bracketed term is equal to

G- —n 14— L (12 43—
(q[nb_”l]! q" 'k gz 3" Y Therefore

iy o =L @@ o
xv=e 1M Y g2rHn D=9 jEt n-tyn,

= [n—1!
The right hand side is readily seen to be equal to vx by shifting the summation index for the expression
for v to start at 0.

Condition|[(i)|holds by construction of v. Conditions|(iii)]and[(iv)]are immediate by definition of the
maps S and ¢ for %, (sly). Condition amounts to showing (7(R)-R) - (Ez ® Ez) ‘Ala) = (Ez ®E2) ‘(uou).
Since each term of R, and thus 7(R), commutes with Ke Fz, it is sufficient to show (7(R)-R)-A(w) =ueu.
But this is property|[(iD)]of u. O
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5. STRAIGHTENING IN %, (51,,+1)

In this Section, we generalize the methods of from Uy (slp) to %y (sl,+1) for n=2. These methods
are applied in §6|to construct an R-matrix for %}, (s(,+1). We begin with a summary on the quantized
universal enveloping algebra of sl,; for all n = 1; for details, see, for example, [CP94]. By definition,
Uy (sl,41) is the C[[h]]-algebra generated by n s, triples (x;,h;,y;), i = 1,..., n, subject to the relations
[hi,hj1=0,

2Xi j=i, —Zyi j=i, kz_EZ
thi,xjl=3% —x; j=izxl, lhi,yjl= yj Jj=ixl, [xi,yjl =06ij ;_ﬁl,
0 otherwise, 0 otherwise,
where k; := e%hi, and for each i, j with |i — j| = 1, the g-Serre relations
X2 = (q + qxixjxi +X%5 =0, Yiyi— (@ +Qyiyjyi+yjy: =0,

A Hopf algebra structure on %}, (sl,+1) may be defined on the generators (x;, h;,y;) by taking the maps
from the beginning of §3|on each sl,-triple.

5.1. Simplifying the Serre relations. Asindicated in 2.1), straightening methods amount to interpreting
quadratic relations as commutation relations. However, the g-Serre relations in the definition of %, (s(,,+1)
are cubic. In order to build a straightening framework to deal with them, we must somehow break them
into quadratic relations. One way to do so is to rewrite the g-Serre relation between x; and x;+; as

2 — 2 -
XiXi+1 = (G + @IXiXi+1X; + Xi+1X5 = X (XiXi41 — GXi+1%3) — (@XiXi+1 —Xi+1%)X{
_1 1 _1 11 _1
=g2X;(g2XiXi+1 = 2 Xi+1Xi) — G2 (G2 XiXi+1 — G2 Xj+1%i)X; = 0.
Similarly, the g-Serre relation between x;+; and x;i can be rewritten as
_1 1 _1 1 1 _1
4% (q2xiXi+1 — G2 Xi+1%)Xi+1 — G 2X41(G 2 XX 41 — 2 Xi41%;) = 0.
. 1 -1 . . . . . .
So, setting x; ;+1 = g2x;x;+1 — 2X;+1%; the g-Serre relations involving i and i + 1 can be written as
quadratic relations
_1 1 _1 1
q2xiXii+1—q2X;i+1% =0, and  G2x;i+1Xi+1 — 42 Xi+1%4,i+1 = 0.

Example 5.2. When n = 2, the elements h; < hy <y; <yj2 <y2 < X1 <Xj2 < X2 of %j(sl3) form an
ordered set of algebra generators in which all relations are quadratic relations amongst pairs of generators.
Moreover, the set of generators gives rise to a Poincaré-Birkhoff-Witt basis

B = {7y YV s 1 € Za)
and straightening can be used effectively to perform computations.

5.3. Higher Degree Generators in %, (sl,+1). When n = 3, the x; ;41 are not enough to transform all
relations of %/, (s(,+1) into commutation relations. For example, the g-Serre relations yield cubic relations
between x; 2 and x3. Iterating the reasoning of we see that we should inductively define elements
x;,j for each pair of indices 1 < i < j < n, as follows: for each i = 1,..., n, set x; ; := x;; and for each pair of
indices 1 =i < j < n, inductively define

1 _1
(5.1) Xi,j 1= g2 XiXj41,j = G ?Xit1,jXi.
A short induction argument shows that the ideal of relations in %}, (s[,,+1) are generated by quadratic
relations amongst the algebra generators

(5.2) h1 <"'h2 <:..-< hn <YL <Y2 < <Y1n <Y2 < <Yp-1,n <Yn <X <X12 < <Xp-1,n <Xp.
Moreover, the ordering above yields a Poincaré-Birkhoff-Witt basis as in Example[5.2} This final statement
can be established directly as in [Ros89] or via the general theory of quantum groups, as developed
in [Lus93, Chapter 40].

The elements x;, ; have a more symmetric, and rather useful, description:
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Lemma 5.4 (Splitting). Letl<i< j<mnandletse{i,...,j—1}. Then

1 _1
Xi,j = q?Xi,sXs+1,j — G Xs+1,jXi,s-

To prove this, we give a formula for x;, j in terms of monomials in the x;, ..., x; indexed by orientations
on a path of length j —i. More precisely, let P,, denote the Dynkin diagram for sl 1, i.e. a path consisting
of n vertices labelled from left to right by the integers 1 to n. For 1 =i < j < n, let P; ; denote the induced
subgraph of P obtained by taking the vertices labelled i,i +1,..., j. Let 2; ; denote the set of orientations
on P; ;. For each orientation D € 9; j, let

D =#{¢{ —-¥¢+1€D}, and D._:=#{¢ —V¢+1€ D}
be the number of right- and left-pointing arrows in the orientation D. For each D € 9; ;, set
lp_—
gP = (-1)P- g3 P-—D-),

For D € 9; j, let xp be the monomial x;,...,x; constructed as follows: Begin by writing x;. Next, if
J—1— je D, thenplacex;- to the left of x; otherwise, j—1 « j € D and so place x;j_; on the right of x;.
Next, if j —2 — j—1€ D, then place x> at the leftmost end; otherwise, place it on the rightmost. At each
step, regard a right-pointing arrow ¢ — 1 — ¢ as indicating that x,_; and x, are to be positioned “in order”,
so that x,_; appears before x,; similarly, a left-pointing arrow ¢ — 1 — ¢ indicates that x,_; and x, appear
“out of order”. Continue this process until all of x; to x; have been placed and call the result xp.

Example5.5. Suppose n=38,i=2and j=6. Then

1 2 3 4 5 6 7 2 3 4 5 6

P;=e—e—9o e e o 9o, and Prg=eo—o —o o 0.
A , 2 3 4 5 6 b
The set 9 6 has 2* = 16 elements, one being D = e——e—~—e—+—e—+—o .ThenD_. =3,D._=1,qg" = —q.
The construction of xp proceeds through the following steps: Xg, X5Xg, X4X5Xg, XaX5XgX3, and finally
XD = X2X4X5X6X3.

Lemma5.6. Ler1<i<j<n.Thenx;;=Y peg,, qPxp.

Proof. Proceed by induction on the difference j —i. When j —i = 1, the formula reduces to the definition
of x; ;41 in (5.1). In general,

1 _1
Xi,j = G2 XiXi+1,j = G2 Xi+1,jXi

1 _ 1 _
— Z (_1)ng2((Da+l) DR)XZ'XD + (_1)Dk+lq2(Dﬂ (DR+1))XDXi'
DeDj1,j

Now observe that the first terms in the sum on the right hand side yield the monomials xy with D" € 2; ;
such that the arrow between i and i +1 is right-pointing; likewise, the second terms in the sum correspond
to D' € 9; j with arrows i — i + 1. Putting everything together gives the Lemma. ]

Remark 5.7. Since x;x; = x;jx; whenever |i — j| > 1, the xp are simply convenient representatives of
commutation equivalence class of monomials in the x;. The essential information encoded by the
orientation D € 9;,; is the relative position of adjacent generators: any monomial in the x;,...,x; such
that x;4, is right of x; if and only if / — I + 1 € D is commutation equivalent to xp.

Proof of Lemma[5.4, This follows immediately from Lemmal5.6/and Remark[5.7after observing that an
orientation on P;, j consists of orientations on P; s and P;,,; and an orientation on the edge (s, s +1).

1 ) ) ) _1
The term g2 x; sxs+1,j accounts for all orientations with s — s+ 1 where as —¢2 x4, jx;,s accounts for
orientations with s — s+ 1. O
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5.8. Straighteningin %/ (s(,.+1). When straightening generators with the same subscript, all the straight-
ening laws developed in apply. For straightening terms with different subscripts, we have the
following set of “mixed” straightening laws. The proofs of these are straightforward and are omitted.

Lemma5’.9. LetacZsy, beZ,i,j,lell,..

identities hold in %y (sl,+1):

., n}, and f(x) a formal power series in x. Then the following

(h; +1)x;, (h-—l) i ifli—jl=1,
M xifthp= Sy + D yifthj) = ! vi YlizJ

fhpx;, fhjy; ifli-jl>1,

b b,a

.. qzak . _1
(ii) x?k?: Y i%i yfk?:{qz“bk?yf ifli—jl=1,

i

flhy=1x;,j, fthi+ Dy ifl=1,j,

fhy=1x%; 5, fhy+Dy;; ifj#i+2andl=i+1,j-1,
i) xi;f(h) =3 v yiif(hj) =3 T

f(hl+l)Xl',j, f(hl_l)Yi,j lfl=l—1,]+1,

fhx fhpy; otherwise,

qzabkl x¢ qzabkly” ifl=1i,j,
' p qzakabX?] - qz“bkly” ifj#zi+2andl=i+1,j-1,
@iv) Xi,jkl = - y”k o,

q2” le?,j, q2 klyl] ifl=i-1,j+1,

k;’ x{ i kb i ; otherwise,
W) x”xf’zﬁ”bx?x%, ? xXi ;= q“bx“’] ?

Interesting combinatorial structure appears when commuting x; through terms like x;,1,;j ory; ;. In
doing so, the relations of %, (sl,+1) either lengthen or shorten the interval indexing x;+1,;j ory; ;.

Lemma 5.10 (Lengthening). Letl <i< j<n. Then, in%(sly+1),

) X:lﬂljsz =q" XX 41,5~ 4% [nin 1%, ]XZ:]]’ g
(ii) xpxp i = g G = g T .
Lemma 5.11 (Shortening). Letl<i< j<n. Then,in %h (sl n+1),

Q) y” Xz _Xzy” _qz [ni,}] k2 l] Yi+1,j,

(i) X]y:h]] _y:u], Cliﬁ BT [ni,j]kiﬁ,j—lyzzzj_l

When the exponent is 1, these are proven using the Splitting Lemma|5.4] The general case is handled
via the inductive technique from Lemma

We also have the following commutation relation when the indexing interval of a some generator is
completely contained in that of another. In these cases, all relations end up being commutation relations,
possibly with some scalar factor. The proofs use the Splitting Lemmal5.4]to reduce the statement to a
computation in %y, (sly).

Lemma 5.12 (Passing). Letl < i< j < n. Then the following hold in %y (s(;+1).

. Nij n; _ —n;jn; i N nj ”z] —n;in; Mij Mj

)] X, X=X ‘x X =q "X I
L 1 J J l] Lji

Moreover, foranyi<s< j,

H ns ,j ni,j N ns Mi,j Nij ng

(if) Xs'X; i —x” Xs®, Xs'Yij y” Xs®.

Finally, we have the following analogue of Lemma 2.6/ for moving generators past the exponential
factor in the R-matrix.
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Lemma5.13. Let f(x) be a formal power series in x, a € Z~, xk € Z any integer and i, j,l € {1,...,n}. Then
the following hold in 2y (s1,,+1):
h . . —2ax h . eps »
ekzhl®h]f(kl ®X?), €K4hl®h1f(k?m< ®y§,l), lf] =i,
h . h . k ; h L2 e
f(l®X?)eK4hl®h] — eKZhl@hff(k?aK®X?), f(1®ylt_l)e1<4hl®h] = eK4hl®h]f(kluK®y?), ifli—il=1,
h , h , .
eihish; p(p ®x%), e<ahishi ®yH), otherwise,

and similarly for f(x} ® 1) and f(y' ®1).

6. AN R-MATRIX FOR %}, (s0p+1)

We apply the formalism developed in §5|to construct an R-matrix for %, (s(,,+1), following the ideas of
For other calculations of R-matrix, see [Bur90} [KT91].

6.1. An ansatz. Reasoning similar to that in can be used to construct an ansatz for R in the
U (sl,4+1) case. Alternatively, and more efficiently, we use the general principle that objects in semisimple
Lie algebras can be built by appropriately combining ingredients from constituent sl, to obtain an ansatz
for R here. This principle, together with the form of R given in Theorem 3.4} leads us to propose the
following ansatz for the form of R in %, (s1,,+1):

6.1) R:=eX)" am) Km)Xm) @ Km)Y (m)

where: m:= (my,my 2, M1 23,..., My—1,,, My) is a vector of integers ordered as the generators are ordered
in (5.2); the coefficient @(m) is a rational function in g; the K, K, X, and Y are defined by

. _m Mp-1,n_m L mm m
X(m) :=x; lxlz12 -‘-xn_"l,n"xn n K(m) := kj lklz12 sk,

.=/, M2 Mp-1,n m 2 _pmymi TMp
Y(m) = y1 y12 "'yn_nlynnxn n’ K(m) = kl k12 kn .

for ordered products of the generators in %y, (sln+1); ki, j := kiki+1---kj; and

n
el = exp( Y xijh; ®hj)
i,j=1
for some matrix of coefficients K := (x; ;). We may write X(m;; — 1;m) := X(my, miz,...,mjj —1,...,My),
for example, to indicate a change in exponent of some monomial.
Asin the parameters in are determined through Conditions|(¥} (i)} and|(iii)]of Definition[3.1}
As before, Condition[())]completely specifies the free parameters in and the remaining conditions
need to be verified with the resulting expression. Here, we only perform the first step and leave the latter
two conditions to the interested reader.

Remark 6.2. Verification of Conditions|[(iD|and|[(iiD)] can be done in a manner similar to the %, (sl,) case.
That being said, the %, (s(,,+1) case is much more complicated due to non-commuting g-exponentials
in (6.21). Ultimately, this problem is solved by studying in detail how g-exponentials commute in the
presence of Lengthening and Shortening. This is done, for example, in [KT91] through their approach.

6.3. Deriving the Coefficients. It suffices to impose Condition[@)|for x;, h; and y;, i = 1,..., n. In fact,
since all relations involving the y; are mirror to those involving the x;, the calculations required for the y;
are completely analogous to those of the x;. So we only need to perform computations for the h; and x;.

6.3.1. For the generatorsh;. Since the h; commute with ky, ..., k;,, we need only consider the x; and y;
components of each general term in (6.1). Write a general term as x;'x;% ---xy' ® ylly!22 ...y Using
Lemmal[5.9|f) and (i), Condition[(@)]for the h; are equivalent to the system of equations

21— )+ X (s -0 ) - X0, (2 —8j) = 0,

_Zyz_lz(si,n—l —tin-1) +Z?=_11 (Sin—tin) +2(sp—1t,) = 0.
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These equations are satisfied when s;; = t;; = m;; as in (6.1).

6.3.2. For the generatorsx;. Since A(x;) =x; ® k; + Ei ® X;, the Condition reads
(6.2) (k; ®x; +x; ®k;)-R=R-(x; @ k; + k; ®x;).
Following Remark|3.5(B)} decompose the general term of by setting

63 A} (m) := (k; ® %) -eX Km)Xm) @ Km)Y (m), B; (m) := (x; ® k) -eX Km)X(m) @ Km)Y (m),
AT m) = eKKm)Xm) e Km)Y m) (k; @), B (m) := eX Km)X(m) @ Km)Y (m) (x; @ k),

so (6.2) is the assertion
)" Af(m)+B; (m)=)_A; (m)+ B} (m).
m m

As in (3.4), we rearrange the sums so that equation is equivalent to
Aj:=) A7 (m)-A; (m)=)_ B} (m)-B; (m)=:B;.
m m

We wish to simplify the series on both sides. In the %, (sl,) case, the essential simplification to the A-side
came in identifying a commutator [x,y™] in (8.5). Analogously, if we straighten and apply the Shortening
Lemma to the terms in Alf' (m) — A7 (m), we find a single term with -- -xiy;n" ---in Alf' and a single term
with - .yix,- ---in A7 which should be combined to form a commutator [x;, y;ni .

6.3.3. Exponential Prefactor. To start combining A} (m) with A7 (m), the exponential factor eX of both
terms should coincide after straightening. From (6.3), this means that we should have (k; ® x,-)eK =
eX(k; ®x;). Using Lemma li and Lemma we obtain the following system of »n linear equations:

Kl,i—l_ZKl,i+Kl,i+1:_2511': I=1,...,n,

where k1 := 0 and x;,,41 := 0. This means K = (k;,;) is twice the inverse of the Cartan matrix of 5l;,,1,
which can be computed to be [Hum72} p.69]

(6.4) K,,_{ﬁi(n—jn) if j<i,
. e

L jn-i+l) ifis<j.

In the following, we may pull the exponential factor out of A; and B;, at which point it remains to
straighten the terms of the form (k; ® x;) K(m)X(m) ® K(m)Y (m), in order to deduce a recurrence relation
on the coefficients a(m). Because of Shortening and Lengthening phenomena, each summand of A;
and B; will itself be a sum of terms indexed by certain segments of {1,..., n}. To be clear, straightening

the term x; Y means that we need to move x; through the Y until it is immediately left of y;; similarly,
straightening Yx; means that x; needs to be moved until it is immediately right of y;.

6.4. The Al.i terms.

6.4.1. Termsof A] = (k; ®x;)-R. Straightening A first involves moving x; past the K term in front of Y

in the second factor, and Lemma m tells us that this contributes a g coefficient for each k, , such
that either one or two elements of {i — 1,7, i + 1} is between a and b; precisely, the contribution when x; is
moved past

— N =l .
— kgi-1isg2™* " and ky; is g2l for1 < a < i;
- k;is ¢; and

- . 1. - J )
- kipis 2™t and k;4qp is g2 fori<b<n.
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Thus the terms of AZT obtain an overall coefficient contribution of
et T U T
(6.5) qmt H q? Ma,i—75Mg,i-1 H qzmz,b 2m1+1,b.
a=1 b=i+1

Next, x; must be commuted, from the left, through terms y, ; for s=1,...,i —1, and each commutation
creates a new term A?; in which y;n;'i is shortened. The Shortening Lemma shows that the Y term
in A}, has the form

, . ; R —2 -
(oymstyes ) = (v (= a2 @ ims i Kysicayes ™)),

—2
Coefficients of q are accrued in A7, by straightening the k; past

- Ya,i—1 With contribution g™«i-! for 1 < a < s; and
— Yai with contribution g™ for1 <a<s.

In total, the coefficient of A:i, l1<s<i,is

s 1 1 i-1 n
(6.6) —alms i]q%“’mi l_[ ﬁjma,i_fma,i—l l_[ q%mm‘—%ma,i—l H q%mi,h_%miﬂ,b.
a=1 a=s+1 b=i+1

Moreover, the exponents of the generators in A}, change as
(6.7) K(m)X(m) ® Km)Y (m) — Km)X(m) ® Km)Y (m,;_1 +1, mg; —1;m).

Finally, let A}, be the remaining term in which x; has been moved to the immediate left of y;, i.e. the
term obtained by repeatedly taking the first term in Lemma H . The coefficient of A;’, ; is simply (6.5).

6.4.2. Terms of A; =R- (ki ® ;). Straightening the ki through the first tensor factor gives an overall g
coefficient contribution, which can be computed to be again. Straightening the x; term on the
second factor involves moving past terms y; ; for i < ¢ < n, and the Shortening Lemma|5.11|fi) shows that
this creates a new term Ary whose Y factor has the form

. . _1 .o .
(oey ity Yo (o (= G2 Ima DRy i, )yt ).

In straightening A; , the k? needs to be moved left and the y;,; ; needs to be moved right, so using the
Passing Lemma the coefficient of A, is

3mi— L izl 2l 3. no 1
(6.8) —a(m)[mi,t]q mi—y H q§ma,:—§ma,:—1 H qimi,b—imzﬂ,b l_[ qimi,b_fmiﬂ,b
a=1 b=i+1 b=t

and that the exponents in A; , change as
(6.9) Km)X(m) ® Km)Y (m) — Km)X(m) ® Km)Y (m; , —1,m; 1, +1;m).

As before, writing A; ; for the remaining term where x; is immediately right of y;, the coefficient here

is just (6.5).
6.5. The B terms.

6.5.1. Terms of B = (R (x; ® k;)). Straightening k; through Y gives a coefficient of for Bf. In
straightening x; in the first factor, the Lengthening Lemma [5.10|{i) shows that commuting past x;+1,¢,
1 <t < n, creates a new term Bl.+ , of the form

Mit1,t-1_Mi+le Mis1,t-1 1 Miy1,—1
’ . , — 2 . s ,
(oo X )= (oo U (= a2 I jlxa o T3 ) )
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Straightening this involves moving x; ; to the left through x;;, for ¢’ < ¢, and then through x; ,» for ¢ < ¢".
By the Passing Lemma|5.12|fi), there are no additional factors of g when moving past the x;,1,, terms; by
Lemma |i‘_|l again, a factor of g"""” is obtained when moving past x;né'b. The coefficient of B/, is thus

1

1 1 ! 1 1 n 1 1
+ qima,i_jma,i—l 1‘[ qzmi,b_imi+l,b H afmi,h"'imiﬂ,b
1 b=i+1 b=t+1

o=

(6.10) —a(m)[m; g™

Q
Il

and the exponents in B;t change as
6.11) Km)X(m) ® Km)Y (m) — Km)X(m; ; + 1, mj;1,; — 1;m) @ Km)Y (m).

This time, the remaining term B}, picks up a coefficient from the Lengthening Lemma and from
the Passing Lemmal5.12|({i), giving an overall coefficient

i1, 1 n 1 1
C((m)qmi l_[ qima,i—jma,i—l H ﬁi Mib=3 Mi+1,b
a=1 b=i+1
6.5.2. Terms of B; = (x; ®k;)-R. Straightening x; through K in the first tensor factor gives a coefficient
contribution inverse of to B;. It remains to move x; through the X from the left, in which case
lengthening occurs for every term X, ;_1, 1 < s < i, yielding a new term B which by the Lengthening
Lemmal5.10|(ii) has the form

(-‘-fo;'_";‘x?f;"V--)H(‘--(—q%[ms,i_lllef'_’;l 1X“)Xmu...),

No further straightening is required in B_ ;. Note, however, that in order to get x; to xs ;-1 in the first place,
it needs to pass through terms X, ;“11 and xZ?’i for 1 < a < s, which by the Passing Lemma li give
coefficient contributions g™+-1 and g"*', respectively. Thus the coefficient of B_,is

155 3. i-1 1 n 1 1
(6.12) —am)[ng; 1] mi 21‘[ 3mai-3ma,i- 1Hq2ma: 5 Mg i-1 l‘[ ﬁgmz',b—gmm,h

a=s b=i+1
and the exponents in B_; change as
(6.13) Km)X(m) ® Km)Y (m) — Km)X(mg ;1 — 1, mg; +1;m) ® Km)Y (m).

Let B;; the remaining term in which the exponent of x; is increased by 1. Then by reasoning as in the
case of BJr we see the coefficient of this term is

— —3m
a’(m) l_[ 2Mg,i zmatl l—[ qgmzh gmHlb
a=1 b=i+1

6.6. Combining Diagonal Terms. We now combine the diagonal terms of A; and B;. These simplifica-
tions should be compared to those made when computing R for %, (s(») in §3} First, the diagonal A terms
A;r ;(m) and A; ;(m) differ only in the Y component as

AT = KX@K( gy o), A7 =KX @K( oy i),

These terms may be combined in A; to obtain a commutator [x,,y i1, which can be simplified using
Lemma[2.5|(iv); denote the resulting term by A; ;. This term has coefficient

i—-1 n
(6.14) a(m)[m;] g™ [ q2™mai=zmai-t ] q2miezmis
a=1 b=i+1
and exponent change of
(6.15) K@m)X(m) @ K@m)Y (m) — Km)X(@m) ® Km)Y (m; — 1;m).
Similarly, B; ; (m) and Bl.‘ i (m) can be combined by factoring out

i-1 1 n 1 1
(q—ﬁ) Hﬁima,i_jma,i—l H ﬁjmi,b—imiﬂ,h
a=1

b=i+1
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from each of B;—“ ;(m). This allows us to combine the generators in B;—“ ;(m), with

1 ((H gMai~Mai- ])qmiF:”i‘l_(ﬁﬁma,i—ma,f-l)ﬁmiulfniﬂ)

q- q a=1
in place of the k; in K. After factoring out Ei iH, this can be simplified to
i-1

[hi +m;+ Z Mmeg,i— mu_i,l].
a=1

After straightening, this will contribute the same quantum number as obtained from simplifying the
commutator in A; ;. Overall, the coefficient of B; ; is

(6.16) a(m)(q— q)qumm 1 ma i H q2mlb 1M p
b=i+1

and the change in exponent is due only to the additional x; term on the right
(6.17) K(m)X(m) ® Km)Y (m) — Km)X(m; + 1;m) & K(m)Y (m).

6.7. Recurrence for Coefficients. Finally, a recurrence for the a(m) is constructed by comparing like
terms in A; = B;. From and (6:17), the terms of A; ; agree in shape with those of B; ; so coefficients
can be compared after making the shift m; — m; — 1 in B; ;. Equations and then give a
recursion relation for a(m) with respect to the index m;:

(6.18) a(m) = a(m; — 1;m) —— G- q" H g Mait ]_[ gL,
(mi] =1 b=i+1
From (6.7) and (6.13), the coefficients of A:i and B ; can be compared upon shifting m; ;1 — ms,;-1
for A7, and ms,; — ms,; — 1 for By ;. Equations and (6.12) then yield a recursion of the form

Me i i—-1
(6.19) a(ms,i—1§m)=—a(ms,i—l—l;m)ﬁqzm’ Mg, +Ms i1 l_[ qmaz—ma, 1 H qmlh mz+lb

[mg,i1] a=1 b=i+1
Comparing and (6.11) shows that the coefficients of A7, and B;’ , can be compared, after making
an appropriate exponent shift, and similar type of recursion relation can be constructed using
and (6.10). However, the two sets of relations (6.18) and (6.19) are sufficient to solve for a(m).

6.8. Solving the Recurrences. The recursion can be solved directly. For (6.19), notice that the
relation expresses the changes in a(m) with respect to m;,; in terms of changes with respect to my;_1,
an exponent indexed by a shorter interval. Thus relates a(ms,; — 1) with a(m;;-1 — 1), which, in
turn, is related to a(m;;—» — 1), and so forth. Ultimately, we obtain a relation between a(m;; — 1) and
a(mss—1) = a(m, —1). Finally, can be applied to relate a(m;,; — 1) with a(m). This process yields
the following recurrence:

. i
(6.20) am) = (-1)'"*a(mg; - 1;m) ([q q]) H H g H g H qn.
ms, a=1 b=i+1

Solving (6.18) and (6.20) separately and putting the results together give
Lat b-ad _ﬁ)ma'b Lmg p(mg p—-3)
am) =[] [[(-D"*—=———— g2™ar(Mab™% x (cross terms)
a=1h=1 [Mg,p)!

where the cross terms are indexed by pairs s < i and are of the form

(quwmul H qmstmﬁ»lb)(l_[qmaslmszl_[qmabmw)

b=i+1
a;és b¢l

These cross terms can be eliminated by rearranging the general term of R

Km)X(m) ® Km)Y (m) — ((kyx1)™ (kizx12)™2 ) ® ((k1y1)™ (ki2y12) ™2 ---)
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to consist of powers of k, x4 5 and F,l’ bYa,b- The factors of g arising from this rearrangement cancel the
cross terms, leaving only the first products in the expression of a(m) above.

6.9. An R-matrix for %}, (sl,+1). All together, the computations of §§6.3H6.8|show that

h n
3 (11

a=1

)3

m

n
Z Kijhi®hj
i,j=1

R=exp

[Tppald=—a"" )
b=1 (mgpl!

x ((klxl)m‘ (ky2xp2)™? '--(knxn)m") ® ((EIYI)mI)(EIZYH)m]Z e (En}/n)m")]y

where the x;; are as in (6.4). Each summand is a product of g-exponential functions, as in §3.3.3} so

hon < . _
(6.21) R:exp(z Z Kl'jhi@hj) 1—[ Equ((—l)b a/lqka,bxa,b‘@ka,b}’a,b)

i,j=1 1<a,b<n

for an R-matrix for %}, (sl,,+1). Here, 1, = q(q —q) asin (3.7) and the < on the product signifies that terms
in the product are taken with respect to the ordering of indices in (5.2).
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