Hodge theory of cubic fourfolds, their Fano
varieties, and associated K3 categories

after Hassett, Addington—Thomas, Beauville, Donagi, Voisin, Galkin—Shinder, ...



@ X C P° smooth cubic hypersurface,
@ Ax c DP(X) Kuznetsov category,
@ F(X) Fano variety of lines,

© S K3 surface.

Goal: Study and relate H*(S), H(Ax), H*(X), H3(F(X)).

Various aspects: Lattices, Q- and Z-Hodge structures, ...




Plan:
© Lattice theory
@ Period domains and moduli spaces
© Rational Hodge structures
@ Hodge theory for Ax



Lattice theory



Cubic =T,T, Ky, ... K3 =A,A, Ly, ...

Lattices for cubics X C P®:

T = HYX,Z)(-1); T = H*(X,Z)pe(~1); KqCT.

Lattices for K3 surfaces S:

A= H*(S,Z); N = H*(S,Z); Ly C A.



General lattice theory:

(N ~Z%,(.))

with (. ) symmetric, Z-valued, usually non-degenerate, often even

(i.e. (x)? = (x.x) =0(2)).
~» disc(N) = |det( . )| and (ny, n_) :=sign( . ).

Discriminant: Ay = N*/N, finite group |Ay| = disc(N):

N— N* xt+—(x. ).

(i N—Z ~ (2 N —Q ~ (2 Av—Q/Z

For even ( . ) it lifts to

qg=()?=Ay—Q/2Z.



Standard examples:
Q I, ., =Z&tr & diag(+1,...,+1,—1,..., 1),
~ 79" @ 7(—1)%"-, disc = (—1)"-, sign = (ny, n_).
01
10

Q@ A =ZMOZ\ & <_21 _21> disc = 3, sign = (2,0),

q: Ap, = Z/32* —=Q/2Z, \i = 1, \5 = 2—=(2/3).

9U=Z®2:Ze®Zf&< ),disc:l,sign:(l,l).

Ay~ (1,1,1)F C I3p

with basis A\; = (1,—1,0) and A\, = (0,1, —1).
© Eg =unique unimodular, even lattice of signature (8,0). Let

E = Eg(—1)®? (or just forget).



Standard results:

© N <N finite index: disc(Ny) = disc(N) - [N : Nq]?

Q@ Ny N: disc(Ny) - disc(Nf-) = disc(N) - [N : Ny & Ni]2.
N unimodular = Ap, =~ Anyt-

© N even, unimodular, ny > 0: N ~ Eg(+1)®? @ U®P.

Q@ N odd, unimodular, ny >0: N~1,, , .

@ N even, unimodular, 1 < ny: Primitive £ € N with given (£)?
is unique up to O(N).

Q@ N = N @ U®? even: Primitive £ € N with given (¢)? and
(1/n)t € Ay, (€.N) = nZ, is unique up to O(N). (Eichler).



K3 lattices. S = K3 surface
K3 lattice: A := H2(S,Z) is even, unimodular, sign(3,19). Hence,
s N2EBUB=Ep Ui ® U, ® Us.
Polarized K3 lattice: Ay := (ex + (d/2))* C Ais even,

sign(2,19).:
Ng ~ E® U & Us ®Z(—d).

Mukai lattice: A := H(S,Z) is even, unimodular, sign = (4, 20).
Hence,

> AEGUP* =Ea Ui & U ® Us & Us.

Convention: Uy = Zes © Zf & (_01 _01> Then

Uy ~ (H° @ H*)(S,Z)

with Mukai pairing and eq—=[S] € H°, f;—[pt] € H*.



Cubic lattices. X C P® smooth cubic

Cubic lattice: T := H*(X,Z)(—1) is odd, unimodular,
sign = (2,21),

o T E® Uy & Us & Z(—1)%3,

Primitive cubic lattice: I := H*(X,Z),:(—1) even,
sign = (2,20), disc = 3, h = [H?] € HY(X,Z)(-1) is

h=(-1,-1,-1) € Z(—1)%3,
v T Ed U & Us @ Ax(—1).

Hassett: Via H*(X,Z)pr(—1) =~ H*(F(X),Z)p: [Beau-Don].
Beauville: Characteristic vectors in unimodular lattices [Wall].



Cubic lattices F, I" vs K3 lattices /N\, A

7

sign = (2,21) r ~ ADA, A sign = (4, 20)
U
A sign = (2,20)

C

sign = (2, 20) r

12

Explicit embedding: AyC—>A, A r—>es — fy (= v(Z«y)),
Mb—=e3+ 3+ 1

Then
Ay =E® U@ U & Ax(—1),

with Ax(—1) = Zy & Zs & <_12 _12> and

p1=e3—f3, pp = —e3— e — fg.



Cubic lattices F, I" vs K3 lattices /N\, A

Explicit embedding: AgC—>K, AMb—>e —fa, or—e3+ 4+ 1.
Then
Ay = E@® Uy & U @ Ay(-1),

with Ax(—1) = Zp1 & Zus & <_12 _12) and
p1 =€ —f, o= —e3— ey —fy.
Then Ay @ AzL C Ais of index 3

Corollary
@Qlolr~ Ay C A,
Q@ M ~A®Z(es+£)CA (~ H*(SP, Z))




NL vectors: general

Consider v € I ~ A+ C A primitive with (v)? < 0. Saturations:

L, =A;®ZvCA sign=(21)
K, =Zh®&ZvCT sign=(0,2).

L} ¢ Ay c A
2 2 B
K c¢cr co.

O K, =Zh®7Zx & (_33 Z) Hence, disc(K,) = 0,2,3,5(6).

© Zh® Zv C K, C (1/3)Zh @ (1/3)Zv (use (h)? = —3).
Hence, [K, : Zh® Zv] =1 or 3.
O disc(K,) - [K, : Zh @ Zv]? = disc(Zh © Zv) = 3(v)?



O K, =ZhoZx & (_33 Z) Hence, disc(K,) = 0,2,5 (6).

© Zh® Zv C K, C (1/3)Zh @ (1/3)Zv (use (h)? = —3).
Hence, [K, : Zh& Zv] =1 or 3.
O disc(K,) - [Ky : Zh @ Zv)? = disc(Zh ® Zv) = 3(v)?

If [K, : Zh @ Zv] = 1, then disc(K,) = —3(v)? = 0(6).
If [K, : Zh @ Zv] = 3, then 3disc(K,) = —(v)?> =0,2,4(6).

= d =disc(K,) =0,2(6). (H)

Note: d =0(6) = [K, : Zh® Zv] = 1.
— (v :=sh+tx.h) =0 = v = A\(ah + 3x).
— v primitive = A = £1,+(1/3).
-d=0(6)=a=0(3) = +v=h+xand 3(v)>=—



(v)2=—d/3=00r2(6)
(v)2 = —-3d =0(6).



NL vectors: explicit choices

d=0(6). Let vy = e — (d/6) € Uy CT =~ Ay, ~
Ly =1L, C A and Kqg =Ky, C r.
(vg)? = —d/3.
—AClUhpUsand vge U = AP Zvy C A is saturated.
= disc(Ly) = disc(Ax @ Zvg) = —3(vg)* = d.

—heZ(-1)® and vy € Uy = Ky = Zh @ Zvy (or directly
disc(Ky) = disc(Ly)).

Li~Ki ~E® U@ Ax(—1) @ Z(ey + (d/6)h).



NL vectors: explicit choices

d=2(6). Let vy == 3(61 — %ﬂ) 41— pp € Up @Az(—l). ~>
Ly =L, C A and Ke =Ky, C r.

(vg)? = —3d.

Recall
M=e—fs, o=e+f+fa pp=e—f pp=—e3—e—f
Check vy — A1 + A2 divisible by 3. = [Ly : Ao ® Zv] =3

= disc(Ly) = —d.

li~K;y~E® U ®B.
with sign(B) = (1, 2).



Proposition (Hassett—Nikulin)
All L,, K, are of the form Ly, K4 up to O(F)—action.

Proof:
Apply Eichler criterion to v € I = E ® U; @ Us @ Ax(-1).

(v)?=2,4(6) = (v.N=7Z,ie.n=1,and v=0¢€ Ar ~ Z/3Z
= one choice for O(IN)v.

(v)2=0(6) = 2 cases:
(Yn=1& v=0in Ar ~7/3Z,

(i) n=3& (1/3)v = +1 in Ar ~ Z/3Z.



Conditions on Ly, K4, or d

(H =) A®ZvgClyCAand Zhd Zvg C KgCT,
(K3) =) 3 U(n)—Ly,
(K3)  =() 3 ULy & Kf~L~NMg,

(K3l = (xxx) 3 USsLg with \; € U.

(K3P) = (K3) = (K3') = (H).

Write (H)o and (H)2 for d = 0(6) resp. d = 2(6). Similarly,
(K3)o and (K3)2, etc.




Numerical conditions on d
(H) =(x) & d=0,2(6),
(K3) =) © IweA: (w)?=d,
& 4 =T]p"™ with n, =0(2) Vp=2(3),
(K3) = (*x) < 3 primitive w € Ay: (w)? =d,
& ¢ =T[p"™ with n, =0V¥p=2(3) and n3 < 1,
o d=202082 5 7
(K3P) = (xxx) o d= %242#7 a,neZ.

(K3P) = (K3) = (K3') = (H).
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